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^\ \ We consider autonomous Lagrangian systems with two degrees of freedom, having an hyperbolic 

equihbrium of saddle-saddle type (that is the eingenvalues of the linearized system about the 
equilibrium are ±Ai,±A2, Ai,A2 > 0). We assume that Ai > A2 and that the system possesses 
^^ ' two homoclinic orbits. Under a nondegeneracy assumption on the homoclinics and under suitable 

/^ I conditions on the geometric behaviour of these homoclinics near the equilibrium we prove, by 

• ■ variational methods, then they give rise to an infinite family of multibump homoclinic solutions 

'^ ! and that the topological entropy at the zero energy level is positive. A method to deal also 

C^ ■ with homoclinics satisfying a weaker nondegeneracy condition is developed and it is applied, for 

simplicity, when Ai w A2. An application to a perturbation of a uncoupled system is also given. R 



> 



1 Introduction 

Let us consider the following Lagrangian system 



Q^- -q + ijiq)Jq + Aq = VWiq) (1.1) 

O' 

^^ I where q = (91,(72) <= IR^, J ~ [ ^ ^ ) and ^4 = I ^ \2 ) • System ( [L1| ) can be obtained 

fH , by the following Lagrangian 

-(— > ■ 

g '■ C{q, q) = i|<7p + ^Aq-q-q- v{q) ~ W{q), 

^ ■ where v = (wi,W2) satisfies 

JX*: '4,{q)=d,Mq)-d<i.Vi{ct)- (1-2) 

^ . System (l.l) admits the energy 



£{qA)^\\q?-\M-q + W{q) 

as a prime integral. We shall assume 

• (Wl) W e C2(]R2,IR), W{Qi) = 0,VW^(0) = Q,D^W{Q) = 0; for some < po < Pi ( Pi is 
specified after hypothesis (52)) D^W is Li-Lipschitz continuous on the ball Bq := B{0, po) 
of center and radius po and Li-Lipschitz continuous on Bi :— 5(0, pi); 

• (-P1) fA G C^(IEl^,]R) satisfies V'(O) = and is i2-Lipschitz continuous (resp. L2-Lipschitz 
continuous) on Bq (resp. Bi); Vip is La-Lipschitz continuous on Bi. 



'msc: 34C37, 58F05, 58E99. 



By (PI), we can assume (1^), with 

• (i;l) V e Ci(]R^IEl^), i'(O) = 0, Vw(0) = 0. 

Under these assumptions is a hyperboHc equihbrium of (1.1) and the characteristic exponents 
are two couples of opposite real numbers ±Ai, ±A2. In this case the equilibrium is called of saddle- 
saddle type. We shall assume in the sequel that 

(51) Ai > A2 > 0. 

We are interested in a chaotic behaviour of the dynamics at the zero energy level. 

The only other possibility for a hyperbolic equilibrium of a Hamiltonian system in a phase 
space of dimension 4 is the saddle-focus situation, nam ely when the characteristic exponents are 



±A ± ir], X,r] > 0. It would be the case of system ( |l.lD if |V'(0)| G (|Ai — A2I, Ai -I- A2) (note that 
if |V'(0)| < |Ai — A2I then is still a saddle-saddle equihbrium and that if |V'(0)| > Ai -I- A2 the 
equilibrium is no more hyperbolic). 

The saddle- focus case has been investigated by Devaney who showed in |^ that, if the system 
possesses a nondegenerate ( transversal ) homoclinic orbit, then it is possible to embed a horseshoe 
- and hence a Bernoulli shift - in the dynamics of the system. This result was extended by Buffoni 
and Sere in [g|, who relaxed the nondegeneracy condition and proved by variational methods the 
existence of chaos at the zero energy level under global assumptions. 

These results do not apply in the saddle-saddle case. 

The existence of a chaotic dynamics in presence of a saddle-saddle equilibrium has been studied 
by Turaev and Shil'nikov [ |l3| and more recently by Bolotin and Rabinowitz |5[] for a system on 
a 2-dimensional torus. In this latter paper the existence of homoclinic orbits is not assumed a 
priori, but a simple geometrical condition is given, which implies that the system possesses chaotic 
trajectories either at any small negative energy level or at any small positive energy level {£ = h}. 
Other results have been stated in |Q for Lagrangian systems on manifolds. 

However, the chaotic trajectories which are obtained in |1^ as well as in [g or in [Q are not 
preserved when the energy vanishes. 

The existence of a Bernoulli shift at energy level {£ = 0} was studied by Holmes in [Q (see also 
||l4|] ). He assumed the existence of two nondegenerate homoclinics and introduced some conditions 
on the way these homoclinics approach which ensure, when (SI) is satisfied, the existence of a 
horseshoe at the zero energy level. By the structural stability of the horseshoes there results chaos 
also on nearby energy levels {£ = h}, sec [ [ll| . 

In the present paper we deal as in [|l| with the saddle-saddle case, under assumption {SI). We 
give specific conditions, called (711—4), directly inspired to the assumptions of Holmes, which imply 
that the system possesses an infinite family of multibump homoclinic orbits and of solutions with 
infinitely many bumps, which give rise to a chaotic behaviour at the zero energy level. Furthermore 
we improve such results requiring for the homoclinics q,q& nondegeneracy condition weaker than 
transversality. Rather than performing this relaxation in a general situation, which would require 
quite involved conditions, we restrict ourselves to the case when the eigenvalues are close one to 
each other. However we underline that the method introduced to deal with degenerate homoclinics 
is could be adapted to a large variety of situations where it is difficult or impossible to check the 
nondegeneracy assumption. 

First we shall assume that 



(52) System (LI) has 2 nondegenerate homoclinics g, g. "Nondegenerate" means that the 



unique solutions of the linearized equation at (for instance) q 

-h + Ah + i!{q)Jh + V^(g) • hj^ - D^W{q)h = 



that tend to as i — > ±cx) are cq, c G JR. That means that the stable and unstable manifolds 
to intersect transversally at {q(t),q{t)) at the zero energy level. 

We can now specify the constant pi in (VFl): pi > max{|g|oo, \q\oo} + Po- 
The relaxed nondegeneracy condition is the following 



(52') System (1.1) has 2 "topologically nondegenerate" isolated homoclinics q,q, (see defini- 



tion H in subsection 4.2) 



We point out that in some situations such a condition can be checked for homoclinics obtained by 
variational methods which are isolated up to time translations, see for example J2|, ||lO|| . 

In order to get chaotic trajectories in the saddle-saddle case it is necessary to postulate the 
existence of (at least) two homoclinic orbits, while only one is necessary for the saddle-focus case. 
Even though, there exist systems with several transversal homoclinic orbits which do not have a 



chaotic behaviour. Consider for example (1.1) and assume that 



Wiq)=qt + ql and ^(g) = 0. (1.3) 

Then the system reduces to a direct product of 1-dimensional systems. (0, 0) G IR* is a saddle- 
saddle equilibrium with 4 transversal homoclinic trajectories but the system is integrable (another 
example of an integrable Hamiltonian system with several transversal homoclinic orbits is given in 
0). Thus additional assumptions are needed for chaotic behaviour. In order to obtain multibump 



homoclinics for system (IT) as glued copies of q and g, some hypotheses of geometrical nature on 



q and q, similar to the ones given in [[11[ , are required. 

The results contained in this paper have already been outlined in B. In order to describe 
them we need some notations. We shall assume that q{lR) and q(Si) arc not included in Bq. For 
r e (0, po/2) we define T > by |g(±r)| ~ r and \q{t)\ < r for \t\ > T. We define in the same way 
f and we set T = min{T,_r}. _ _ _ _ _ 

Call (ai,a2) = {jii{—T),q2{~T)), [Pi, 132) — (jii{T) ,q2{T)) the extremal intersection points 
of g(IR) with the circle in IR^ of radius r; similarly we introduce (Si, 32) — (gi(— T), g2(— T)), 
(/3i,^2) = iqi{f),q2{f)). Let w„, aJ, be defined by 

{ai,a2) = ircosuJu,rsmuJu) , (/3i,/32) = (r cosUs, rsinoJs); 

LJu, i^s are defined in the same way. 

We set A = (Li/Ai) + {3L2X1/XI), A = (Li/A^) + (SLaAi/Ai) + maxjl^U, |gloo}(l3/Ai), 

where Li, Li are defined in assumptions (W^l), (^1). Note that A, A do not change if the equation 
is modified by a time rescaling q(t) — > q{at). 

In the next conditions lu^ stands for uJu or luu and lus for Us or tOg- 

• (HI) oju,oJs ^ n7r/2, n^TL, tan qj„ tan lJs < and ( cos a7„ cos tJu < or cos ZUs cos cD^ < 0). 

(the above inequalities are satisfied for example if aJ„ G (0, 7r/2), TDg G (37r/2,27r), Zj^ G 
(tt, 37r/2) and Zj^ G (7r/2, tt)); 

• (^2) 

Ai |a2||/32| + (15Ai/4A2)Ar3 ^,^Ai^ . / -2^1^ ( C^e^-^^-^o^\ '^^^ / Cl \^^\ 
A? MP^ </(^)mm^e . ,^ - ) , ^^^J ) 



whe re l{i^) — max5g(o_i/8)[(l — s) (1 — s/5)/(l + s)^]s'^ and Ci is a constant defined by 



(2.4), which measures the transversaUty of the homoclinics: smal ler is Ci weaker is the 



transversality. Tc^ depends only on Ci and po f^nd it is defined by (2^), section y. 
{H3) 



A2 |ai||/3i| - 'A2' V3652 + 28Ar2; 

where A^ = min{|aj|, |/3^|, |aj|, |/3,| ; j = 1,2} and S2 = max{|S2|, 1/32 Ua2|, 1/32 1}- 



. (i74) min(|sinil;„,,|,|sin5„,,|)> y'^20Ar , (12Ai/A2)Ar < Ci. 
Roughly speaking the first geometric assumption (HI) means that the homoclinics q, q enter and 



leave the origin from different "quadrants". Note that if ( |l.3D holds system (1.1) does not satisfy 
hypothesis (HI). {H2 — 3) quantify how small | tan cj^ tan w^ | and r must be. Note that if the 
system is linear (that is 14^ = 0, "0 = 0) in the ball B{0, po) then condition (i?4) disappears and 
conditions {H2 — 3) are simplified (in {H2 — 3), A = 0). Moreover if A1/A2 -^ 1 then /(A1/A2) -^ 1 
and the second members in inequalities {H2 — 3) tend to 1. 

Before stating our first result we introduce some other notations. For j = (j'l, . . . ,jk) G {0, 1}*^ 
and for 9 = {61,..., 9k) with di < . . . < 0k we define T^ = T if j, ^ and T, = T if j, = 1; 
di = (6'i+i - Ti+i) - {di + Ti) and d = mini<i<fe_i d^. 

Theorem 1 Assume (M^l),(Pl),(ul),(S'l - 2) and {HI - 4). Then there exist < D < J such 
that for every k e IN, for every sequence j = (j'l, . . . , j^) G {0, 1}*^ there is Q = {9i, . . . , 9^) G IR 



sm Wu 



M 



r /, _ ~ ,\ -M 

:j„.s I , I cos w„. J , I sin Wt,. J , I sin Wt, , ' 



with di e {D, J) for all i = I, . . . ,k — 1 and a homoclinic solution of (1.1) Xj such that 

• */ ji — then on the interval [9i — T,9i + T] 

\xj{t) - q{t - 9i)\ < - min ( | coscJ„^, 

• ^f ji — 1 then on the interval [0^ — T,9i +T 

\x,{t)-q{t~9,)\<'^imn(\ 

• Outside {\J^j^=o[9,~T,9, + T])\J {\Jj^^i[e,-f,9,+f]), \x,{t)\ <2r. 

Note that, by theorem m and assumption (HI), two distinct sequences j = (ji, . . . ,jk) and 
j' = {j[, . . . , j'f.) give rise to two distinct homoclinics. 

Remark 1 (i) Since the distance di between two consecutive bumps is bounded by the constant 
J which is independent of the number of bumps k, by the Ascoli-Arzeld theorem there follows the 
existence of solutions with infinitely many bumps, see theorem 0. In particular it implies a lower 
bound for the topological entropy at the zero energy level, h'^ > log 2/(2 max{r, T} + J) and shows 
that the system exhibits a chaotic behaviour. 

(ii) The fact that Ai > A2 is crucial to be able to construct multibump homoclinics. 

(iii) As it will appear in the proof of theoremH, smaller are the quantities (Ar/| cos w^ cosCi;3|) + 
I tan w„ tan 1^3 1 , |Ai — A2I/A2, greater is the distance between the bumps. 

(iv) We do not prove the existence of multibump homoclinics in an arbitrary small neighborhood 



of q, q. Indeed in i5/ it is proved that there is a neighborhood V of q{IR) U q{IR) such that the only 



homoclinic solutions contained in V are q and q. 



Our other results, theorems ^ [J and [J, resp. in subsections iA, 3^ and 4^, are variants of 



theorem |l| in special systems or when the homoclinics are degenerate 



The multibump homoclinic solutions of (1.1) will be obtained as critical points of the following 
action functional, which is well defined by (Wl) and (vl) on E = Vl^^'^(IEl, IR'^): 

/(?)-/ l\q\' + lAq-q~q-v{q)-W{q). (1.4) 

The idea of the proofs goes as follows. 

A " pseudo-critical" manifold for /, Zk = {Qe | 6 G IR , 9i < . . . < 9k} is con structe d b y 
gluing together translates of the homoclinics q{- — 9i) and q{- — 9j), see section (2.1) and (2.2). 
Then we show that, when the bumps are sufficiently separated, that is when 

mm{9,+i ~9i)>D (1.5) 

i 

a shadowing type lemma enables to construct immersions Jk '■ Mk — {& G JR'^ \ mini(0i+i — 9i) > 
D} -^ E withlfe(Mfe) « Zk such that the critical points oi g{Q) = f{Xk{Q)) gives rise to a fc-bump 
homoclinic solutions. The geometric proper ties (HI — 4) of the homoclinics q and q ensure the 
existence of critical points of (7(8) satisfying (|l.5| ). We point out that g{Q) does not possess critical 
points when min,;(0i_|_i — 9i) — > +00; therefore we need to estimate carefully the minimal distance 
D for which we obtain the immersions Tk- This is done in section g. 

For the sake of clarity we perform all the detailed computations for a system with 2 degrees of 
freedom, but the same method can be adapted also to study systems in dimension n, (see remark 
|7|) where the analytical technics based on the study of Poincare sections are more difficult. 

The paper is organized as follows. In section K we perform the finite dimensional reduction for 
the functional / and we prove thm. \i. In section 3 we give examples of applications of theorem m 
when the eigenvalues are near one each other {thm. @) and for a system which is a perturbation 
of 2-uncouplcd Dufhng equations (thm. H). In section it is shown that in the case Ai « A2 the 
transversality condition can be weakened assuming the topological nondegeneracy {S2') {thm,. 0). 
Finally in sections we show why the above theorems imply a chaotic dynamics {thm,. ^. 

2 Finite dimensional reduction 

We shall use the following Banach spaces: 

9 Y = M^i^°°(IR, IR^) endowed with norm ||?;|| = maxf |y|oo, j^\y\oo] where \y\ao = sup^^ j, \y{t)\. 

• E ~ Vl^^'^(IEl, IR^) endowed with scalar product {x, y) — X^i^i / ir ^jVj + '^j^jVj ^^^ associ- 
ated norm \ ■ \e- 

• X = {heY \ e^^l*l|/i(t)|, e^^l*l|A(t)| e L°°}. 

Since the equilibrium is hyperbolic of smaller positive characteristic exponent A2 by standard 
results (see also lemma 0) any homoclinic solution to of (1.1) belongs to X. 



We have X dV (1 E. For A d X we shall use the notation 

A^^{yeY\{a,y)^0, Va G A}. 

Note that, by the exponential decay of the elements of X, A-^ is well defined and it is a closed 
subspace of Y. 



We define the operator S : Y —^ Y hy 

Siy) =y- LA{VW{y) - ^iy)Jy) 
where La is the linear operator which assigns to h the unique solution z = LAh of 

—z + Az = h with lim z{t) — 0. 

|t|— >oo 

An explicit definition of La is 

('^/T~i-l r+oo J -1 (.+00 

{LAh){t) = ^^-^ J e-^'-'^^h{s)ds , ij^LAh){t) = -J sgn{s - t) e-^'-'^^h{s)ds 

(2.1) 



By (p.lD it is easy to see that, for all a; G y, 



\\Lax\\ < ^\x\^ < T2l|a:||. 



Ai' 



Ai 



(2.2) 



By (2.2) and (VFl) — (PI) we see that the operator S is C^ on y. We can also get the straightforward 
estimate 

V|M|<pi ||d5(2/)/i||<fl + A||y||)|H|. (2.3) 



Note also that S{E nY) C EnY and that for all q, 2; e £■ n y 

{S{q),x)=df{q)[x]. 



If S{q) = and q & E (lY then q is a homoclinic solution to system (1.1). We can say a little bit 
better. 

Lemma 1 Assume that q €Y satisfies S{q) — and that limsupui^^^g^ max(|q(t)|, |g(t)|/A2) < 
min(2/A, po)- Then q is a homoclinic solution to (l-l). 



Proof. Let 'm{t) = max(|q(t)|, |g(t)|/A2) and c — hmsup|f|^oo ™(^)- We assume that c < 
niin(2/A,po) a-nd we want to prove that c = 0. Provided m{t) < po we have 

VW{q{t)) - iPiqit))Jqit)\ < l>^lHrn{t)f . 



Now easy estimates in the expression of La show that, if ft, e y, then 
up max ( LAh.(t) , -^ —LAh.(t) ) < ■ 

\t\^oo 



lim sup max I LAh{t) 



LAh{t) < -2 limsup|/i(t)|. 



'2 iti- 



Therefore, since S{q) — 0, we get c < Ac^/2, which implies c = by our assumption. 



Remark 2 If q is a homoclinic solution to (LI) then, by the characteristic exponents of the 
equilibrium, all y ^ Y which satisfies dS{q) ■ y = belongs to X . So the nondegeneracy condition 
(52) amounts to assuming that Ker dS{q) is spanned by q, where dS{q) is regarded as a linear 
operator from Y to Y . Moreover dS{q) has the form Id + K , where K is a compact operator on 

Y . In addition dS{q){Y) C Y , where Y =q . Hence dS{q) is a linear automorphism ofY . 



We now introduce another supplemetary space Y to q. The introduction of the above norm 
II • II and Y instead the more natural H^-noim and q is motivated by the fact that this choise 
allows to obtain better estimates in hypotheses {H2 — 4). 

Consider t such that \q(t) \ attains its maximum at t. Let r be some positive real number such 
that |t(i)| > 3|t(t)|/4 on the interval J = (Z- rj + r). Let 

ao = LAiqXj), 



where xj is the characteristic function of the interval J. By the expression of La (2.1), we see 
that ao & X. We define 



y" = a^ = IheY / t(s) • h{s) ds = 0| 



Y is a supplementary to q and hence by remark there exist a positive constant Cq such that 

for all ft, e y 

min \\dS {q)h — ^ao\\ > Ca\\h\\ 
/jG ir 

(note that, due to the fact that dS{q) — Id+ compact, Co < 1). This implies that 

max('||dS'(g)/i-^ao||,i?|(/i,ao)l) >C'i||ft||, y{h, fi) eY x TR, (2.4) 

where the constant Ci < 1 and Ci — > Cq as i? — > +cxd. In the sequel we will fix R and assume that 



(2.4) holds (we can choose Ci as close to Co as desired). 

Now let a = aao, where a > is chosen such that | |a| | = Ci + 1 + A| |5| 
It is easy to see by (|2^ and (O) that 



max('||dS'(g)/i-^a||,i?|(ft,a)|) > Ci max(||/i||, |/z|), V(/i, /z) G F x IR. (2.5) 

We shall assume that also for q are defined the corresponding quantities t, r, a and that condition 
( |2.5| ) holds. In the sequel we will also assume that max{r, t} < T. 
Now we define Tc\ ■ Let Tci the smallest positive time such that 

ytem\[-Tc„Tc,] \q{t)\<Po and 8Amax (|g(t)|, ^!^) < Ci. (2.6) 

We can define in the same way Tc^ , and we set Tc^ = max(Tci , Tg, ) . 

The reason for this definition will appear in the proof of lemma ^ It is easy to see that, if {HA) 
is satisfied, then by lemma g we have Tci < T, Tc^ < T. 

2.1 Boundary value problems 



The aim of this section is to show how solutions of the non- linear system (LI) are approximated 
by solution of the linear one —q + Aq = in a sufhciently small neighborhood of the origin 
Br^iqe-Se \ \q\ < r}. 

First we consider the linear case. The solution qa.hii) '■ [0, d] -^ M^ of the linear system 
—q + Aq = with boundary conditions qd,LiQ) = /3 and qd,L{d) = a is given by 



Pj sinh(Aj (d — t)) + aj sinh(Aj t) 
"'''' ^ sinh(A,d) 



{qd.L)At) = ' °"^"^^'^^"r; Y^ """^^"^'^^ , J = 1,2, (2.7) 



whereas the solutions q]^ j^ ■ [0, +00) — > _B,. (resp. (7,^ ^ : (— oo.d] -^ Br) of the hnear system 
—q + Aq — such that limt^^oo q^ [^{t) — (resp. Imit^^oo q^ [^{t) ~ 0) and q^ i^{Q) — (3 (resp. 



9/1. l(^) = ") are given by 



_ ^-tVA 



CLW = e-*^^/3, g;:.(i)=e 



_ Jt-d)^/A^ 



We define 



Ai(/3,a)=max{|9<i,i(0)-9tL(0)|,|9d,L(d)-g,;,L(d)|}. 



(2.8) 
(2.9) 



By (2.7) and (2.8) we can compute 

-I- , ^^ A," (a,- - B.e^^^'^) 
(qdAO) ' qUmj = ' ' ' 



{qd,L{d)-qh.Lid))] 



A,(-/3,+a,e-^^-') 



sinh(Ajd) ' '^"'"^ ' ^"-^^ '" sinh(Ajd) 

We shall always assume that d > 2/A2. Setting 5^ = max(|aj|, \Pj\), we deduce that 

Ai < 2V2(i±^) max [x,S, cxp -(A,d)}. 



(2.10) 



We now consider the analogous solutions of the non-linear system. Since is a hyperbolic 
equilibrium the existence of the local stable and unstable manifolds is standard. The following 
lemma would follow from that but we prove it directly by a fixed point argument because we need 
some explicit estimates. 

Lemma 2 For all < r < vq w ith rp — min(l/6A, po/2), for all a,/? G M^ with \a\ = \P\ — r 
there exist unique trajectories of (1.1) 



qf^ : [0, +00) -^ Br and g^ ; (—00, d] 



Br 



such that linit^+oo qti^) = 0, lim^^-oo qu (0 = o-'^d 9,1(0) = (3, g,^ {d) = a. 



Moreover for all t we have that 

\<lt{t)-citAt)\<\r^^e-^^' 



\qt{t)^ql^{t)\<-X^r^Ke-^^\ 



22 
\qt{t)\ < ^re- 

and the corresponding estimates for qj^ . 



Aat 



22, 



\qtm < 7;7^2re 



-\2t 



21 



The proof of lemma p^ is given in the appendix. 

Now we give a lemma, which will be used to glue together consecutive bumps, on the existence 
and uniqueness of orbits connecting two points a, /? in a neighborhood Br of 0. Such kind of lemma 
is certainly not new being deeply related with the A-lemma. However, since we want to obtain 
specific estimates, we will give a proof based on a fixed point argument. 

Lemma 3 For all < r < ri with ri = min(l/10A, po/2), for all a,/3 € IR^ with |/?| = |a| = r, 
for all d > 2/A2 there exists a unique trajectory of (1.1) qd{t) such that qd(0) — [3, qd{d) — a and 
gd([0,d])cB(0,2r). 

Moreover the following estimate holds: 



{UO) - qtiO)) - (qdAO) - <l(0)) I ,\{qd{d) - qj^ (d)) - (qdAd) - %Lid) 



< 5X2r^Ae-^''^ 
(2.11) 



\qa{t)-qt{t)\<-re^^'^'- 



\<ld{t)-qu{t)\ < -re 



-Aat 



Mt) - qim < yAire^^f*-'') , Mt) - q^ {t)\ < ^X.re'^^K 



(2.12) 
(2.13) 



The proof of lemma ra is given in the appendix. In the sequel we will call also 7(/3, a, d) — qd 
the connecting solution given by lemma and 

-1 /^d pd pd 

e{(3,a,d)^- ql{t) + Aqd{t) ■ qd{t)dt - qd-v{qd)dt^ W{qd{t))dt, 
^ Jo Jo Jo 

the value of the action on the solution qd = "/{P, ct, d). 



2.2 Natural constraint 

As stated in the introduction our existence results are obtained by means of a finite dimensional 
reduction according to the following definition: 

Definition 1 Let M be a manifold. An immersion X : M ^ Y such that T{M) d E is said to 
induce a natural constraint for the functional f if 

\/x € M, d{f o I){x) = implies that df{I{x)) = 0. 



In the sequel for j = (ji, . . . ,jk) G {0, 1}'^ and for 6 = (6*1, 
we will use the following notations: 



c) e m,'', with 6ii < ... < 



J^ = ei + {t-T,t + f) if ji = Q and Ji = 0i + {t - T,t + t) if ji = I. 

Ui^0i-Tt and Si = 9i+Ti, 
di = (Oi+i - Ti+i) - {6i + T.j) = Ui+i - Si and 



d = min di. 

l<i<k-l 



For simplicity the dependence on 8 = {6i, ... ,9k) of s^, Ui, di and d will remain implicit. 

Fix j — {ji, . ■ . ,,jk) G {0, 1}''. Our aim is to prove the existence of a /c-bump homoclinic 
associated to j. We now define the "pseudo-critical manifold". 

Consider the k parameter family of continuous functions Qq defined in the following way: 

Q\t)iite (-oo,si], 

7(Qi(si), Q^{u2),di){- - si) if t e [si, U2], 

Qe = { Q'it) at e [u„s^], 

l{QHsi),Q''^^{ui+i),d,){- -Si) iff e [si,Ui+i], 
Q''it)iitG K,+oo) 



where 



qi--e^) if j, = 
q{■-0^) if J^^l■ 



Q\t) = 

We recall that 7 is defined in lemma 0. The fc-dimensional manifold: 

Zk = {Qe, e e IEl^ d > 2/A2} 



is a fc-dimensional "pseudo-critical" manifold for /. This means that [[^(Qe)!! ^ as d ^ +00. 
We will give in lemma g| a more precise estimate. 

We now show, following 0, how to build the immersions Ik- For (/i, /i) G F x IR we denote 

||(/i, ^)|| = max(||/i||, l/xil, . . . , |/Xfc|). Let us define the function 

H : M'' X y X ir'^' ^ r X ir'^ 

with components Hi £ Y and H2 S IR given by: 



HiiOi, 
H2(0i, 



,dk,h,fii,...,^j,k) = S{h) - y^A^iOj 

1=1 

,9k,h,ni,.. .,fik) = (R{h-Qe,ai),...,R{h-Qe,ak)] 



where 



ai--9,) if J, = 
a(- - 9i) if ji = 1. 

Note that iJ is a C^ function of (8, h,fi) {Qq is not a C^ function of 8 but the function 8 ^-^■ 
iQe,a^) = ajj^ Q'{t) ■ Qe{t)dt ^ajj^ Q'{t) ■ Q'-{t)dt is constant. 

Consider the partial derivative of H, dH/d{h, ^), evaluated at {Q,Qq, fi). It is the linear 
operator of y x IR given by: 



dHi 

dH2 



[x,r]i,. 



d{h,ij) 



F,m, 



l(e.Qe,M) 



,77fc] = dS{Qe)x- y^^riiGj 

i=l 

,r]k] = (R{x,ai),...,R{x,ak) 



Note that it is of the form Id + Compact and that it is independent of /i ( and so we shall omit 
to write fi ). 

Following PI there results that, provided d is great enough, — is invertible also on 

. . . ^('^'Wio.Qe) 

the pseudo-critical manifold Zk and the norm of the inverse satisfies a uniform bound. As said in 

the introduction we need in this case a specific estimate on d. 

Lemma 4 Let Di = max(2/A2, 2(ln(18/Ci)/A2) — 2(T — TpJ), and assume that d> Di and that 
(H4) holds. Then, for all x E Y , for all rj = (771, . . . , rjk) E M , we have 



dH 



9(/l,M)|(e,Qe) 



C 

'x,ri\ > ^||(a;,77)|| 



(dS{Qe)x - ^TyjCj, i?(a;,ai), . . . , i?(x, 



Ofc, 



j=i 






,Vk)\\- 



Proof. We set to, = [{9,+i~T,+i) + {0,+T,)]/2, h = (-oo,toi],/, = [to,_i,to,] for 2 < i < fc-1, 
h = [mfe_i,+oo) and ||x||i = max(sup(g/^ |x(i)|, supj^j. |i;(i)|/A2). 
We define also the compact operators K, Ki,Ki: F ^ y by 

iKx){t) = LaUx, (K,x){t) = LAn^x, {K,x){t) = LaU^x, 
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where 

nx{.s) = D^W{Qe{s))x{.s) - ^j{Qeis))Jx{s) - Vi,{Qe{s)) ■ xJQe{s), 

ltx{s) = D''W{Q\s))x{s) - i^{Q\s))Jx{s) - V^{Q\s)) ■ xJQ\s), 

TZ^x{s) = nx{s) for s e J^ -.^ [6*, - Tl.^,d, + T^J, and 7^^a;(s) = on ]R\Ji. Here we use the 

notation T^^ = Tc, if j, = 0, and T^^ = Td if j^ = 1. 

For all a; e y we can write dS{Qe)x — x — Kx. We shall prove that 

fe 
\fi\\K^x-K,x\\<{Ci/8)\\x\\, \\Kx-J2K^x\\<{Cl/8)\\x\\. (2.14) 

i=l 



We first derive the lemma from (2.14). Let {x,t]) eY xM. ; set 
S 



(dS{Q0)x-'^r]jaj,R{x,ai), . . . ,R{x,ak)] = max| \\x-Kx~-'^rjjaj\\i, R\{ai,x)\ ; I <i < k\. 



i=i i=i 



By the second inequality of ( 2.14 ) 



S > maxJ max 1 1 Ice- KiX - T]iai\\i,R\{ai,x)\'> - ^ f ||A'jX + f?jaj|U | 3-||a;||. (2.15) 



We now define Zi d Y hy Zi = x on li and by —zi + Azi = on (— cx),77ii_i) U (TOi,+cx)) 
( (rrii, +CX)) if i = 1, (— oo, mk-i) if i = fc) , limt^±oo Zi{t) — 0. By the definition of Zi and ai it is 
easy to see that (zj,ai) = (x, Oj), ||2:i|| = ||a;||i and that \\zi ~ KiZi - TyjOjH = ||a; - KiX - riiai\\i. 
Moreover setting Mi = max f ||zi — KiZi — rjiai\\, R\{zi, ai)\ J and M = max^ Mi, wc know by (2.5) 



and (2.14) that for all i 

M, >Cimax(||z,||,|r/,|)-||if,z,-i?,z,||>(7Ci/8)max(||z,||,|?7,|). (2.16) 



As a consequence M > (7Ci/8) max(||a;||, |?7|). Now, fix i such that M ~ Mi. By ( 2.15 ) and the 
properties of Zi we deduce that 

S>M-Y,{\\K,x + rj,a,\u)-^\\x\\ (2.17) 

We need to estimate \\bj\\i for j y^ i, where bj = KjX + rjUj = KjZj + rjjaj. We remark that, 
by the definitions of a^ and of Ki, —bj + Abj = on IR\j7i. Hence 



So, for i ^ j, 
Now, 



max(|fe,.(i)|,|fe,.(i)|/A2)<e-^^''(*"^^)||6,||,. 

\\b,\\, < e-^^((^-^cJ+d/2)g-A.|z-j-l|(d+2T)||^^.||^.^ 

Il^jlli < II^jIIj + ll^j - KjZj - r]jaj\\j < ||a;|| + M, 
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where we have used again that H^jHi = II^^Hj- Therefore 



because d > 2/A2. Combining this latter estimate and ( ^.17| ), we get 

S > {1- Ie-^^«^-^^i)+^/2))A/ - Ie-^^((^-^Ci)+^/2)||a;|| - ^||a:|| 



> 



fCi\-(l- -e-^2«'^-'^cJ+rf/2) 



-Ie-^^((^-^-i)+^/2))||(x,^)||, 



which clearly implies the result in the lemma (we use that Ci < 1). 

There remains to justify ( 2.14 ). Firstly, since T > Tc^, TZix{s) = TZix{s) for s G J7i, Tlix{s) = 
for s iJy. Now, by (W^l), (PI) and the definition of Tc^, \jl^x{s)\ < A^(Ci/8)||a;|| for s i J,;. 
Hence \R,iX — 'R,ix\a:^ < A2(Ci/8)||a;||, and by (2.2) we get the first estimate in (2.14). 



Next we estimate \TZx — J2i=i'^i^\oo- On [si,Ui] Qe — Q\ hence 

fe 

Vse [sj,uj] \nx-^n^x\ = \nix-n^x\ < a^(Ci/8)||x||. 
1=1 

So we have just to estimate |7?.x(s)| on [si, Ui+i] for each i e {1, . . . , /c — 1}. Note that on [si, u^+i] 
Qe — 7(Q'(si), (3*+^(w.i+i), di). A quite straighforward consequence of lemmas || and || is that for 
s e [si,Ui+i], 

/? 22 7 22 \ 

|Qe(s)| < min (-e^=^(^-"'+i) + _e-^^(^-^-), _e-^=^ (''-''•) + _e-^^(''-"'+i) )r, 

|Qe(s)| < min f lle^^(^-"'+^) + ^e'^^^^-^'), -e'^^^^-^') + ^e-^^(^-"-+^)) Air. 
V 5 21 5 21 / 

Using that di = u^+i — Si > 2/A2 we can get 
maxf |(3e(s)| 



IQe(g)h ^ Ai /14 _ 

< — r max — e 

A2 / - A2 V 5 



A2* , ^^ / ^■^ 1 ^^U-A2 4i-\ ^ 3Ai 



22 /14 22\ , . , 

— . h — e"-""" < r. 

21' V 5 21/ / - 2A2 



Hence, by (W^l) and (PI), for s e [si,u,+i], |7^x(s)| < (3/2)AiA2Ar||a;||, and by (HA) \TZx - 



J2i=i'^i^\oo < A2(Ci/8)||x||. By (2^) this imphes the second estimate in ( 2.14 ). ■ 
Lemma 5 For < r < ri and for all Q ~ {9i, . . . , 6k) G M with d > 2/A2 t/iere results that 

\\S{Qb)\\ < ^ max {x,S,e-^^~'} + 7r'Ae-^-~^. 
where Sj = max{|aj|, \Pj\, \aj\, \Pj\}- 
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Proof. By construction Qe solves system (LI), except at the times si, U2, • ■ ■ Sfc-i, u^ where 



Qq is discontinuous and has a jump denoted by A(3e(wj)j ^Qe(si)- So we have for all y ^Y f] E 



k-l 



{S{Q0),y) = df{Qe)[y] = ^2/(s») • AQe{s^) + y{u.,+i) ■ AQe{u^+l). 



1=1 



Hence S{Qq) is the element of _E n F defined by 



fc-i 



S{Qe) = ^9{- -s,)AQq{s,) +g{- - w,+i)AQe(uj+i), 

1=1 

where —ij + Ag = S Id, lim|j|^oo 9{t) — 0, Id being the identity 2x2 matrix. We have 

9{t) = ^(VA)-ie-^l*l and g{t) = -isign(i)e-^l*l. 

We set A = max{|A(5e(wi)li \AQe{si)\ ; f < J < fc}. We have to estimate ||S'((5e)||- Assume for 
example that t € [s„_i, m„]. We have 

A n— 1 k 

\S{Qe){t)\ <_(^(e-^2l*-"-l+e-^^l*-^'l) + ^(e-^=l*-"-l+e-^=l*-*'l)). 



^2 . , 

2=1 z=n 



For all i e [sn-i, Un] we have 



ri-l 



J_ y^ / _A2(t-«,)+g-A2(t-s,)^ < l + exp-(2A2T) exp-(^ - s„_i)A2 ^ 1 exp-(t - s„_i)A2 
2A2 ^ V ^ y- 2A2 l-exp-A2(d + 2r) ~ A2 i-exp-(A2d) 

In the same way we get 

k 

1 + exp — (2A2T) cxp(t — u„)A2 1 exp (t — u„)A2 



^\ J ~ 2X2 l~exr,-Xo(d + 2T) ~ 



l-exp-A2(d + 2r) ~ A2 l-exp-(A2d)' 

Hence for t G [s„__i,u„], since rf > 2/A2 we get \S{Qe){t)\ < (A(l +cxp-2))/(A2(l - exp -2)). In 
the same way we can see that \d/dt{S{QQ)){t)\ < (A(l + exp — 2))/(A2(l — exp— 2))4. The case 
t S [un-, Sn] yields the same estimates. Hence 

r(Oe)ll < ^ii±^. 

A2(l-e ^) 

We now estimate A. By lemma pi we have that |A — Al| < 5A2r^Ae"'^2'*. Hence 



(At + (SAar^Ae-^^'')) 1 



e 



-2 



||^(Qe)|| < l^ Y^^- (2-^^) 



Since u„ — Sn-i > d, Vn by ( p. 10 ) we have that: 



-l + e-2 



Al < 2V2-——-max{XjSje-^^'^}. (2.19) 
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By ( 2.19 ) and ( 2.18| ) we deduce the estimate of the lemma. 



Now, since d > 2/A2, Xie"^'^'^ < \2e~^^'^, so, if (H4) is satisfied, using that 81,82 < r, and 
rA < 1/20 we also have 

||5(ge)|| < |re-^^^ + Tr^Ae"^^^ < Sre"^^^. (2.20) 



In the next "shadowing type" lemma we repeat the arguments of ||^ based on the contraction- 
mapping theorem in order to build the immersions Ik ■ 

Lemma 6 Define D2 = j- In ( ^" ^ ) and assume that (H4-) is satisfied. Then V0 = {di, . . . ,9^) G 
M with d > ma.x{Di, D2} there is a C'^ function of Q, O — > w{Q) with w{Q) e Y such that: 

• 8{Qe +w[<d)) e spanjai,. ..,0^} := (ai,. ..,afe); 

• w(9) e (ai,. ..,ak)^. 

Moreover Xfe : ^ Qq + w{Q) is a C^ function and 

10 _ OR _ 

lk(e)|| < —-—Taax{\j8j exp(-Ajd)} + — -r^Aexp(-A2(i). 
A2C1 j Oi 

In the sequel the function w{&) will be denoted also by wq. 

Proof. This proof will follow closely the one given in H, see lemmas 3 and 13. Therefore we 
shall be brief. We shall use the following abbreviation: 

fiTT 

a(/i,M)|(e,Qe+™) 

By lemma I we know that VG = (6*1, . . . , 6*^) \d>Di, ||F-i(e,0)|| < 2/Ci. 

Let Bs ClY x]R~ he the ball in FxIR of center and radius S: Bg = {{w, fii, . . . , fik) such that 
max(||u;||, |^i|, . . . , |^fc|) < (5}. We have to find (w,//) such that H{9i, . . . jOk^Qe + w, ^ii, . . . , ^k) = 
0. This last equation is equivalent to 'D[w,^) — {w,fi) where: 

V{w, /i) = -F-\Q, 0)H{Q, Qe, 0) - ^-^(6, 0) (il(e, Qe + w,^i)- iJ(e, Qe, 0) - F(e, 0)[w, fj.' 

We will find 6 > such that if d > maxjZ?!, D2} then 



(i) 'D{Bs) C Bs, (ii) I? is a contraction on Bs. 



It is easy to see that by (W^l), (PI) and (|j) \\F(Q,w)~ F{Q,{))\\ < A||u;||. As in g we can derive 
that yiw,fj,) e Bs : 

\\V{w,^l)\\<-^\\8{Qe)\\ + ^\\{w,^l)\\' 
Then in order to get (i) we have to solve: 

^^\\SiQe)\\ + ^f<S (2.21) 
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A straigforward computation shows that if ||5(Qe)|| < Cf/8A then ( 2.21 ) is satisfied for 



, 1 - ^l-8A||5(Qe)||/C2 1 + sJl-8A\\S{Qe)\\/C!. 

G I oi ^ , C 1 = . 

V 2A 2A / 

We now prove that also (ii) is satisfied if: 

l-Jl-8A\\SiQe)\\/Cl Ci 

Ci = < 5 < ^. 

2A 2A 



Indeed, by (Wl), (PI) and (2.2), we have V(w,/i), {w',^i') e Bs 



\\V{w,f^)-V{w',f,')\\ < ^AS\\iw,n) - (t.',M')ll 

which imphes our claim. Then in order to apply the contraction-mapping theorem take d > D2 
so that ||S'((3e)|| < Cf/SA. Taking into account (2.2C) the last inequality is satisfied if d > D3 as 



defined in the lemma. Moreover, by the previous considerations, 

l-Jl-8A\\S{Qe)\\/Cf 4 
Ikell < Ci V _ < ^||5(Qe)||, 

which, by lemma H implies the last estimate of the lemma. The fact that Qe + w{Q) is a C^ 
function of O is a consequence of the Implicit function theorem applied to H. ■ 

We define also D3 = xrl^^f^j ^° ^^^^ ^'^^ ^^^ 9 G Hi'' with d > nia.yi{Di, D2, D3} we have 
|Ke)||<r/2. 

We define for d > 13 = max{Z3i, D2, D^} the immersions Tk 

Ik-. Mfc = {9 G IR^ 9,+i - 9, >D}^ Xfe(e) = Qe + wiB). 

By lemma we can prove that: 

Lemma 7 If d > D and (H4-) is satisfied then Ik is a natural constraint for f . 

The proof is in the appendix. 

2.3 Critical points of / oX^ and proof of theorem 1 

We are led, in order to find fc-bumps homoclinics, to look for critical points of the function / o 



2'fc(6) = /(Qe + w(6)). Note that, since (1.1) is autonomous, /(Qe + w{Q)) depends only on 
di, . . . , dk-i- Let us define 

g{di,...,dk-i)^f{QB + w{e)). 

By lemma a zero of the function G : IFt, ^ -^ IR ^ defined by 

gives rise to an homoclinic solution of W^ ■ We will find a zero of G by means of degree theory 
showing in the proof of theorem |^ that hypotheses {HI — 4) imply 

|deg(G,[/,0)| = l 
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where 

J- J-z— 1 

and J > D are some real numbers estimated in the proof of lemma |ll| . 

We need some preliminary lemmas. The next one is proved in the appendix. 

Lemma 8 For d > 2/A2 and < r < ri consider the solution qd given by lemma and the 
function e(/3, a, d) which is the value of the action on qa- There results that 

de 

— {(3,a,d) = -£id), 

where £{d) = (<Z^(i) — Aqd{t) ■ qd{t))/2 + W{qd) is the energy of the orbit qd- 



Lemma 9 For all (di, . . . , dk-i) £ M with d > D, we have: 

— g(di,...,4-i)= (g^ej {Q'{s,)+we{s^),Q'+\u,+i) + we{u,+i),d?j. (2.22) 

Proof. We must compute 

dgidi,...,dk-i) _ dfiQe + wie)) 
ddi ddi 

For this purpose we consider the function of the real variable r: 

^{t) = .9(^1, . . . , di + r, . . . , dfc-i) = /(Q(ei,...,e,,e,+i+r,...,efc+r) + ^{61, ..., 9i,e,+i +t, . . . ,6k +t)) 

and we compute cr'(O). For simplicity of notation we set g" = Qe + w{Q). Let q'^ E Y D E he 
defined as follows : 

{q°(s) on (-00, Si] 
7(q°(sj), q°{ui+i), di + r)(- - Si) on [s^, m+i + r] 
(7"(--t) on [ui+i+T,+oo) 

Note that our notations are coherent ( i.e. q'^ = q^ when r = 0). We will use the notation a^ = ae^, 
not distinguishing for simplicity between a = a and a = a. 

Since q^—Qs — w{Q) G {ae^ , . . . , ag^)-^ and since, by the definition of a^., {x, ag.) = ct Jj. x{t)Q^{t)dt 
we see that 

Q^ ~ Q(ei,...,9i,e,+i+r,...,efc+T) G (aei, • ■ • , aei,ag^_^^+r, ■ ■ ■ , ag^^+r) , 
and we can write q'^ - (Q(ei,...,e,,e,+i+r,...,efc+T) +w{0i,.. .,9.,, 6., + t, . . . ,dk + t)) = w{t), where 
■w{0) — and w{t) e {ag-^, . . . ,ag^, ag.^-^^+r, ■ ■ ■ , ag^+r)^ ■ Since w{Q) = we have that 

= (9/9r)r=0 {w{T),ag.+r) = {dw{T) / dr, ag^+r)T=0 + {w{T) , dr ag^+r)T=Q = {dw{T) / dr, ag.+r)\T=0- 

This means that: _ 

dw{T) j_ 

— - — e [ag^,. . . ,ag.,ag^^^,. . . ,ag) . 

OT |t=0 

Now we can prove ( p.22 ). Indeed, since (5(q°), x) = for all x e {ag-^, . . . , ag^)-^, 

Ao)-(siq%'-^^^^)^ -(si,%'-f )^^ . 

V OT /|r=0 \ OT \t=oJ OT |r=0 
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By the definition of q^ we have that 



dr |r=o \dd 



d 



e (q {s,),q {u^+i),d,), 



which yields ( |2.22D . ■ 

Lemma 10 For all \a\, \/3\ < r' < ri, d > 2/A2 there results that: 

(a^ + Pff 



i'^]v---^)-T.7:r.'' 



dd 



- (sinh(A,d))2 



ajPj cosh(Ajd) 



< l^AiAaAr'^e-^^^. 



(2.23) 



Proof. If < r' < ri, by lemmas g and |^ the solutions (7^ and qd are defined. We will call 
qh = q^ ■ Since £{d) is a constant of the motion and the homoclinic qh has zero energy we have 

£{d)^l{\qdm'-^P-P) + W{f3) and Q = l{\q^{0)\^ - Ap ■ 0) + W {(3) . 



Hence, we obtain by substraction 



£{d)^-iMO)\'-Mor). 



Similarily for the linear system we have 



£L{d) = -{\uLm'-\<ih,Lm')- 



(2.24) 



(2.25) 



This last expression can be computed and we get 



^ud) = Y. 



-[ (sinh(Ajd)) 



aj(3j cosh. {\jd) 



(«? + /3?)^ 



2 I "j^'j 



By (|2.24| ) and ( |2.25| ) we have 



\£[d)-£L{d)\ 



< 



(ig,(o)p-ig.(o)n-(|g,,^(o)p-iq.,i(o)p 

(UO) - qhio)) - (9d,L(o) - qh,m) I {mo)\ + \qhm 

qdAO) - qh,L{0)\{MO) - qd,Lm\ + iQhiO) - qh,Lm) 



By lemmas and we have that 



(gd(0) - qhiO)) - (9rf,L(0) - qh.Lm < SAar'^Ae^^^'' and |<z^(0) - g,,L(0)| < -Aar'^A. (2.26) 



For dA2 > 2 we get from (2.26) that 



|'?<i(0)-gd,L(0)|<A2r'2A. 



(2.27) 
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From ( 2.2(: ) since r'A < 1/6 and A2 < Ai we obtain: 



22 
|<7/.(0)| < ^Xir'. 



The expression of qd,L, Qh,L in subsection 2.1 leads to 



'^^/\ „-A2d 



By (|2.27| ) and (|2j) we get 



|gd,L(0)-g^,L(0)|<-r'A2e 



MOM < gAir' 



(2.28) 

(2.29) 
(2.30) 



and finally by ( p6| ), ( |I27| ), ( p8| ), ( |I29| ) and (|23^) we get 



|f(d)-fL(d)|<yAiA2Ar'3e-^^^ 



which is ( |2.23D . ■ 

The next lemma is the most important for the proof of theorem nl 

Lemma 11 Assume {HI — 4). There exist D < D < J such that for all d — (di, . . . , dk-i) £ U, 
for alii £ {!,... ,k- 1} : 

• ifa[+^(3{ > and a^^/3| < 0, 

dde[iQe + w{Q))is,), (Qe + u.(e))(u,+i), j) < 

and 

9de((Qe + w{Q)){s,), (Qe + u.(e))(u,+i), i?) > 0. 

• ifa\+^(3{ < and a^^/3| > 0, 

ade((Qe + wie)){s^), (Qe + w(e))(M.+i), j) > 

anrf 

9rfe((Qe + i«(e))(s,), {Qe + u;(e))(w,+i), i?) < 0. 

Estimates for D and ,/ are given in the proof. 
Proof. By (HI) the following cases can arise: a^-^^ I3{ > and a2^^/3| < or a\^^ I3{ < and 
a^2^^P2 > 0- We first deal with the first case. Set 



01 P2) = (Qe + w{Q))is,) = iPlP',) + wie){s,) 



and 



{a\+\a^+') = {Qe + w{e)){u,+,) = {a\+\at+') + w{Q){u,+i). 
We will choose D large enough such that 

XiSie-^'^ < 2X2826-^'^. 



(2.31) 
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So, by lemma |g, 



\a-ai\p-p\< |Ke)|| < ^1^1±2^I^,-^.D 



One of our conditions will be 



3652 + 28r2A^_;,^^ 



Ci 



Ci 



<€M, 



(2.32) 



for some e G (0, 1/8) which will be chosen later on. Note that D > D^ then holds. This implies 
also 

d e [(1 - e)a, (1 + e)a], |a| < (1 + e)r ; /3 e [(1 - e)/3, (1 + e)/3], |/3| < (1 + e)r. (2.33) 

Then there results that a^^^$l > and al^^$2 < 0- Now, by lemma nfl, we can write 

— (R^ A»+i ^ ^ - -/-^ cosh(A2ci,) cosh(Aid,) 

^^^p , a , a,j - U2 (gi^i^(^2^^))2 + ^1 (sinh(Airf,))' ' 



where 



and 



U2<Xl{\al+'m 
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2cosh(A2(ii) ^ ' 4 



+ AiA2(l + e)VA 



C/i=A^ 



2/,,mM«m, K+^)^ + (/3i)^ 



l{\a\+' WPl^ 



2cosh(Ai(ii 



By ( p33| ) and (|23|) we get 

t/2 < A^(l + e)\\al-^'m\ + {{al-^^r + iPl'-'r) ^) + f AiA2(l + .)VA, 
hence, since Ci < 1, M < min{|a2+^|, |/3||} and ^2 > max{|a*'^i|, |/3^|}, 

f/2 < A^(l + 6)2(1 + ^)|a^i||/3^| + ^AiA2(l + 6)VA. 



(2.34) 



On the other hand, (2.32) and (2.31) imply that 

IBAi 



CiA, 



Sie-^'"" < eM. 



We derive readily that 



hence, by (2.35), 



{a\ ) + (/31) C'iA2 ^-, , ^\2i j+i||fli| 
2cosh(Ard.) <^Ar^' + '^'"^ "^^'' 

t/i>A?(i-.)2(i-^(i±^)2)K+^IKI 



From (2.34), (2.35) and the fact that e < 1/8 we get 



U. 



< 



Xiil + er /|aril/3^l + (15Ai/4A2)Ar 



U, A2(l-e)2(l-e/5) 



K+'wm 



(2.35) 



(2.36) 
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We shall take 

D = min 



A^l- 6)^(1-6/5) / |ai+^||/31| 

Ai-A2""V A2(l + e)3 V|a*>i||/3^| + (i5Ai/4A2)Ar3 



In 



(2.37) 



It is easy to see that, ii di = D and dj > D for all j then, by (^.36[), 



de, 
dd 



iP\a'+\d,)>0 



Now, as dj -^ +00, dde0\a'+^,d,)^ - 2^/26-^2''% where 

U2 > XUl - £)'(! - e/5)\al+'\m - ^AiA2(l + e)VA 

(This estimate could be improved in the first case but we want to be able to extend our arguing 
to the second case a2^^/32 > 0). Hence, provided 



|a^-^^||/3^|>20Air^A/A2, 
we get 9de(/3%d*"''^, J) < 0, for J large enough, more exactly for 



(2.38) 



J > max ■ 



1 



In 



A? 



<1I/?1I 



Ai - A2 V^l \at+^\\f3l\ - (20AiAr3/A2) 



Therefore we get the desired result provided conditions (2.31), (2.32) and (2.38) are satisfied, with 
D defined by (2.37). Now we must choose e to make condition (2.32) as weak as possible. This 
condition reads 



Ai |a2||/32| + (15Ai/4A2)Ar3 (1 - e)^(l - 6/5) ^^^/^^y 
A? \a^\\P^\ " (1 + e)^ ' 



CiM 



3652 + 28Ar3 



(Ai/A2)-1 



(2.39) 



Therefore we get condition (ff 3) . We get condition {H2) so that lemmas ^ and ra are satisfied with 
our choice of D. The first inequality in condition (i?4) is just (2.38). 

There remains to check that {H2 — 4) imply that ( ^.31 ) holds true. First (by {H2) and the 
definition of D in ( p^ ), D > 2/A2, hence Aie"^!^ < A2e^^^, and if 5i < 252 then ( |2^ ) holds. 
So we shall assume that 5i > 2^2. Fix i such that 



D 



In 



Af(l- 6)2(1 -e/7) 



Ai-A2""V Ai(l + e)3 V|a*>i||/3^| + (i5Ai/4A2)Ar3 



i«i+'ii/?ii 



(2.40) 



Note that, by (iJ4), (AAir3/A2) < \al+^\\Pl\/20. Combined with the fact that e G (0,1/8), this 
readily implies that e^^^-^^)-" > 2A?|al+^||/31|(5Ai|a*+\||/?^|)-i. 

Now 52 < 5i/2 < r/2, hence \al+^\ < r/2 and \a\+^\ = (r^ - (a^+i)2)i/2 > ^r/2; |/3j| > 
y/3r/2 as well. So we get 



A252 
Al5r' 



X\l-\2)D > 



D ^ A252 2 



3r2 



Ai5i5|a;+M 



- 10Ai52 - 5 - 2' 



since 52 < r/2. So ( |2.31| ) holds. 

We have proved the lemma in the case where a]^^f3l > and a^^^P2 < 0- The second case can 
be dealt with in a similar way (in fact the estimates are simpler in that case). ■ 
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We now show, using the previous lemma how to prove theorem |l|. 

Proof of theorem |] . Let J be given by lemma 111]. By lemmas || and ^ g has the following 
property : for alHe{l,...,/c— 1}, we have either 

(P_) ; For all d = (di, . . . , dk^i) G U, 

d^ = D ^ ^{d) >0 and d, = J=^ If (d) < 0, 
odt odi 

or 

(P+) ; For alld={di,..., 4-i) G U, 

d, = D^^id)<Q and d, = J ^ ^(d) > 0. 

It can be readily seen that this property implies \deg{G,U,0)\ = 1. In fact define the function 
G:C7^IR'=-i as follows: 

G{di,...,dk-i) = [eiidi — ), . . . ,ek-i{dk-i ^ — ) j , 

where e^ = 1 if (P+) is satisfied for the index i, and e^ = — 1 if (P-) is satisfied for the index i. 
Since the homotopy Gt — {I ~ t)G + tG for t G [0, 1] is admissible there results that deg(G, U, 0) 
= deg(G, [/, 0) — ±1 and the existence of a critical point of g in [/ follows. This critical point 



corresponds to a homoclinic, which, by (2.32) and since e G (0, 1/8), enjoys the properties given in 
theorem ||. ■ 

3 Examples 

The aim of this section is to show examples of Hamiltonian systems where the hypotheses {HI — 4) 
can be checked. 

3.1 Almost equal eigenvalues 

Consider the following system 

{Se) -q + ^{q)Jq + A,q^VW{q), 

with A,= i^J^^ fX - ^2 ) and A > 0. We assume that W,^ satisfy (Wl), (PI). We shall 
use the following assumptions: 

• (Al) (5o) has two nondegenerate homoclinics g and q. 

It can be shown that the limits as t ^ +oo and as t ^ — cx) of q{t)/\q{t)\ (resp. q{t)/\q{t)\) 
do exist. Call (cosa7s,sinZJs) and (coscU„, sinZUu) (resp. (cos Ws , sin Ws ) and (coscD„,sincD„)) these 
limits. The second assumption is 

• (A2) ijJu,0Js 7^ n7r/2, n ^ 7L ^ —1 < tanwutanws < and ( cos a7„ cos Wu < or 
cosZUsCoscDs < 0). 



As an application of theorem n^ we get 
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Theorem 2 Assume that (Sq) satisfies assumptions (Al) and {A2). Then there is ei > such 
that, for < |e| < ei, (S^) has a rich family of homoclinics, which induces a chaotic behaviour at 
the zero energy level, according to thm. y. Moreover there is C > such that h'} > Ce, where 
h^op denotes the topological entropy at the zero energy level. 

Proof. Call ^q and go the two nondegenerate homoclinics for {Sq). By the Implicit function 
theorem, it is easy to get, for |e| small enough, the existence of two homoclinics g^ and Qc for system 
(5'e), and to see that these two homoclinics are nondegenerate, of constant of nondegeneracy Ci^g 
which tends to Ci as e ^- 0. Moreover 

limmax<^ Ig^ - 9|oo, l^e - 51oo ^ = 0. (3.1) 

e— >0 L J 

There are r2 > and eo > such that, for < r < r2 and |e| < eo, the trajectory of g^ (resp. q^) 
crosses the circle of radius r at two points only: a'^(r) and (3 (r) (resp. a'^(r) and f3'^{r)). Moreover, 

oP{r) _ . _ . '^{r) _ . _ 

liin — (cosuju,B\TLUJu)\ lim ~ (cos Wg, sinws) 

r^O r r-^0 r 



and for all r e (0,r2), from (3.1) 



lima'(r) =a°(r); lim /3'(r) = /3°(r). (3.2) 

£—►0 c— ►O 

We have similar properties for q,qc- By (A2), there are < ra < r2 and ^ > such that 
ra < min{Ci/(24A),po/2} and 



)^Krl + 5rl- pl{r,Y>m^. 

|a?(r3)|>fr3; \P^,{r^)\> Sr^, (3.4) 



al{r:if > AO-^Arl + Sr^, Pl{r:,f > AO-^Arl + Sri (3.3) 

A2 A2 



and 

K(^3)||/32°(^3)| + (15Ari/4) ^^ ^ 

I«?(^3)||/3?(r3)| <' '' ^'-'^ 

where a^ (resp. /3j) may represent either a.j or at (resp. /3j or Pi). 

Now the eigenvalues of the equihbrium for {S^) are ±A2,e = ±(A— |e|) and ±Ai,£ — ±(A+ |e|), 
hence limg^o Ai,e/A2,e = 1. 

From ( |3.2| ),(p?^) and ( p.4[ ) it is easy to see that all the second members in conditions {H2 — 3) 
(associated to (Se)) tend to 1 as e ^ 0. Therefore ( taking r = r^), there is ei > such that these 
conditions and condition (H4) are satisfied, by ( |3.5|) , (3.2), (|3.3| ) and (3^), for < |e| < ei. By 



theorem!^ there is chaos at the zero energy level for < |e| < ei. The estimate on the topological 
entropy follows by the results of section g since the distance between two consecutive bumps is of 
order 1/e (see also the proof of the relaxed theorem Q). ■ 

3.2 Perturbation of an uncoupled system 

Let us consider a perturbed system of the following form 

- qi + Xlqi = Wiiqi) + eip{q)q2 ,„ „. 

-q2 + Xh2 = Wiiq2) - e^iq)qi ^''■°^ 
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with iqi,q2) G M^ We assume that W^{0) = W:/(0) == Wl'{0) = for i = 1,2 and that V(0) = 0. 
( |3.6| ) can be written as 

-g + e^(g)^g + A = VT4^(g), (3.7) 

where W{qi,q2) = Wi{qi) + ^2(92)- 

For e = system ( |3.6[ ) sphts into the direct product of two 1-dimcnsional systems. 
For the sake of simphcity we shall suppose that Wi and W2 are even, and that 

fp{qi,-q2) = V'(-9l,92) ^tp{qi,q2)- 

As a consequence, ii q = {qiit), 92(i)) is a homoclinic solution to (P?7|), then (gi(— i), — g2(— ^)) and 
— g(i) are homoclinic solutions as well. 
Suppose that: 

- qi + Xfqi = W[{qi) (3.8) 

possesses an homoclinic go- Up to a time translation, we may assume that qo is even. Thus, for 
e — 0, q — {qo,0) and q = (~qo,0) are two nondegenerate (up to time translation) homoclinic 
solutions of ( |3.6| ). We define 

/+00 
-4>{qo{s),0)qois)e^'' ds. 
-00 

Note that we have |go(i)l + l9o(i)l ^ Ce""^!'*' for some positive constant C, hence, by the properties 
of -0, |V'(9ojO)(Jo(i)l ^ C"e~^^il*l, so the integral F is well defined. As an application of theorem ^ 
we get: 



Theorem 3 IfT^O, then there is eg > such that, for e G (— EqiO) U (0,60); (3-t) has a rich 
family of homoclinics and a chaotic behaviour at the zero energy level. 

Before proving this theorem we introduce h2, defined by 

-/i2 + Af /i2 = -'4'iqo, 0)gb and lim /i2(i) = 0. 

|t|— +00 

Solving this equation we find: 



h2it) = ^ (^^ " fis) exp(-A2s)ds) e^^* + ^ Q^ f{s) exp( 



iX2s)ds j e-^'' (3.9) 

where f{s) = i/j{qo{s),0)qo{s) is an odd function. It is easy to see that h2{t) ^ Te~^'^^ /2\2 as 
t — > +00 and that /i2(i) ^ -Ve^'^y2\2 as t ^ -00. We have 

Lemma 12 There are ei > and a non increasing function a(e) which tends to as e tends 



to such that, for all e G (— ei,ei), (3^) has a homoclinic solution q^ = ('?iei92e) satisfying 



|9i.. - qol < a(e)ee-^^l*l, \q^^, - e/i2| < a(e)ee-^^l*l, q,J-t) = gi_,(i). g2,e(-<) = -92,.W- 

Proof. This is a consequence of the Implicit function theorem. Define the Banach space 

X'^{q^{quq2)eX \ q,{-t) = qi{t) ; q^{-t) ^ -q2{t)}. 

X' is endowed with norm || - || defined by ||q||i — max(|qe'^^l*l|oo, \qG^^^^^\oo / ^2) ■ 

Let F{q) = LA{^W{q)) and G{q) — LA{^j{q)Jq)- It is easy to see, by the properties of V' and 
W, that : 
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F and G map X' into itself; 

F,G : X' ^ X' are smooth and dF{{qo,0)),dG{{qo,0)) are compact linear operators. 



(3.7) is equivalent to 

q^Fiq)~eGiq) (3.10) 



Now, it is a standard fact that for e = the linearization of ( |3.6| ) at (go, 0) has no other homoclinic 
solution (wi, W2) that satisfies vi{—t) = vi{t) , W2(— i) = —V2{t) than 0. Hence Ker{I — dF{qo,0)) — 
and, since dF{{qo,0)) is compact, /— dF{{qo,0)) is an isomorphism from X' to X' . Therefore 
we may apply the Implicit function theorem and we get, for all e small enough in modulus, a 
solution q^ of (p^). Moreover {d/de)e=oiQe) = (0,^2), which is the solution of the Hnear equation 
(/ — dF{qo, 0))h = ~G{qo, 0). From this the estimates of the lemma follow. ■ 

Proof of theorem H Without loss of generality we assume that F < we perform the proof 



for e > 0. Then, by lemma 12 there are €2 and T < such that, for < e < €2, and t < T, 



Q2,e{t) > 0. We shall prove the following lemma: 

Lemma 13 For all to small enough there is < e(cj) < £2 such that, for all e G (0,e{uj)), there 
are T^ < T,rc: such that \q^{T^)\ = r^, \qg{t)\ < r^ for t < T^, and q2^e{Te)/qi,e{Te) = tanuj. In 
addition limg^o T^ = —00, limg^o r^ = 0. 

Proof. This is a consequence of lemma Ol We may assume that ei and uj are small enough such 
that a(ei)/(|F| - a(ei)) < cot uj. For < e < ei and t < f, define fe{t) by /,(t) = qi^,{t)/q2,eit). 
This is a continuous function on (—00, T]. Moreover, since qoiT) > 0, by lemma Olime_>o ft{T) — 
+00. Hence there is €{uj) > such that, for < e < e(w), fe{f) > cotuj. Now, \qo{t)\ = 0(e^i*) as 
t^-00. Hence, for allO<e<e(w),limsupt^_„„|/,(t)| < a(e)/(|r|-a(e)) < a(ei)/(|r|-a(ei)) < 
cotw. Hence {t <T \ fe{t) = cotw} is not empty and bounded. Let T^ be its smaller element and 
set re = \q^{Te)\. Since for all fixed t <T linie^o ft{t) = 0, we must have linie^o T^ = —00 and, by 
lemma y_2|, limc_>o r^ — Q. It follows that, provided e is small enough, \q^\ is strictly nondecreasing 
on {—oo,Tf\, which yields our claim. ■ 



Now, by the properties of Wi, W2 and ip, we have two homoclinic solutions to (3^): q^ and 
Qe :— —q^. It remains to check, using the previous lemma, that for e small enough, conditions 
{HI — 4) are satisfied. Let lu > he small and fixed. For < e < e{oj), let re(a;) be associated 
to w. Note that qi^e{—t) = qi,e{t) and q2,e{—t) — — g2,e(0- Hence q^ crosses the circle of center 
and radius r^[u;) for the first time and the last time respectively at a = {r ^(to) cos Lo,r^{u;) simo) 
and P — (r^^uj) cos Lo, —r^{uj) sin to). For 5e we have a — {— r^{uj) cos to,— r^(uj) sin uj) and (3 — 
{— r^{uj) cos uj,re{uj) sin uj). So it is clear that {HI) is satisfied (with the notations of section 2, 
uJu — uj,uJs — —^,^u = UJ + Tr,ujs — —UJ + it). 

We have 

Ai |a2||/32| + 15(Ai/4A2)Ar3 _ Xj / 15Ai Ar,{Lo) 



Q ■■- Tt i.„i . = Tt ( (t--- 



A? \ai\\Pi\ XI V ' 4A2 (cost^) 

Now, since, when e = 0, (goiO) is a nondegenerate (up to time translations ) homoclinic orbit, 
for e small enough g^ and q^ are (up to time translations) nondegenerate uniformly with respect 
to e, and we can take for them a constant of nondegeneracy Ci(e) which is bounded from below 
by a positive constant independent of e. It follows that in condition (-ff2) the second member is 
bounded from below by some constant independent of e. Using lime_>o '"^(lj) = 0, we can derive 
that, provided uj is smaller than some ujq > 0, {H2) is satisfied if < e < e'{uj). 
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Since lime^o^e(^) — 0, it is clear that (if 4) is satisfied, provided < e < e"(w), with e"{uj) e 

(0,6'H). 

The quantity which must be greater than Q in (-ff 3) is 

.^ ..Ai / Ci{e)M \^-i ^ Ai / Ci(e)sincj \^-i ^ .Ai / Ci(e) 

■ ^X2'\36S2 + 28Ar,{LjpJ ^ X2'\36smLj + 28Ar,{uj)J " ^Az'^ V36 + (TAa/SAi) 

for < e < e"{uj) and by (-ff4). So, if < e < e"(w), ;B is bounded from below by a positive 
constant independent of e and uj. By the expresion of Q it is clear that there is lj > and 
eo G (Oj£"('^)) such that Q < B (that is condition (-ffS) is satisfied) if < e < eg. The case with 
e < can be dealt with in the same way. That completes the proof of theorem ^ 

4 Relaxing the nondegeneracy assumption 

The aim of this section is to modify the arguments of the previous section in order to show how to 
deal also with homoclinics which are degenerate. For simplicity, we shall restrict ourselves to the 
proof of the "relaxed" theorem 0, that is thm. 0. 

4.1 Finite dimensional reduction for degenerate homoclinic orbits 

We consider a homoclinic solution q of (f]^) not necessarily nondegenerate. We assume that 
\q{-T)\ = \q{T)\ = r and that \q{t)\ < r for all \t\ > T. 

Let a° — Lyi{cqx[-T,T])^ c > being chosen such that {u'^Ie = 1- Let a^ be defined for 
^ < j < P and satisfy a^ — Lac^ , with e^ € L^(IR), e-'^-.^j, y, = 0. Moreover we shall assume that 
(a*, a-') = Sij. Let F = (a", . . . , a^)-*- and 11 be the orthogonal projection on F defined by 

p 
Il{x) — X — y^{x, a^)a' . 

3=0 

We shall assume that there is a constant Cq such that 

Va;eF ||ndS'(g)2;|| >C^||a;||. 

Note that Ker dS{q) is finite dimensional, so one can always define a^ enjoying the above properties. 
For example, we can choose {f-')i<j<p such that Ker dS{q) C span{q, /^, . . . , /p} and set a^ — 
^a(/"'X[-t.t])- Moreover (a% a^) = Sij for a suitable choice of /^, . . . , fP. 

A simple application of the Implicit function theorem leads to the following 

Lemma 14 There is Sq > and a smooth function w : {~Sq, Sq)'^ — ^ Y such that : 

• w{l^,...JP)eF; 

• S{q + EL^i ^™a" + Hl\ • ■ • , n) = E™=o «'"(''> • ■ - ^'')«"- 
Moreover a^{l) = . . . = a^il) ~ implies «"(/) — 0. 

The last assertion is an easy consequence of the autonomy of the system. We shall set, for 
l = {l\...JP), 



q{e,l)^qg+Y,ra^ + w{l)e 



m — 1 
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Remark 3 By the definition of q{6,l) and the autonomy of the system, we have q{0,l) — q{0,l)e 
and S{q{6,l)) — X]L=o '^'"(0'^™- Moreover we have the estimate 

\\q{0,l) - qeW <Cmax\r\ <CSo, (4.1) 

m 

where C depends on C'q. We can derive that q{9,l), by the equation it satisfies, belongs to X 
(provided 5o has been chosen small enough, namely C5o < min{/9o, 2/A}). 

Set Q{1) = f{q{0, 1)) — f{q{0, 1)). By the properties of w{l) we can easily prove the following lemma 
Lemma 15 {dQ / dl™-){l) — a"^{l). As a consequence Q'{1) = iff q{9, 1) is (for all 9) a homoclinic 



solution of (1.1). 



Remark 4 Reciprocally, there is a neighborhood U of q inY such that all the homoclinic solutions 
in U correspond to critical points of Q . 

As in section the following estimate holds (provided R is large enough) : there is C^ > such 
that for all a; e F 

max {\\dS{q)x - J2 ^"a™||,i?|(a°,x)|, . . . , i?|(aP,x)|) > C[ max(||x||, |ryO|, . . . , \r^^\). (4.2) 

m=0 

Now assume that we have two distinct homoclinic solutions q and q, and finite dimensional spaces 
F = (a , . . . , a )-'-, with the above properties. 

Then, provided 5q is small enough, for j = (ji, . . . ,jk) G {0, l}'^, for 9 = (0i, . . . ,9k) G lEl'', 
L = {li, . . . ,lk) G ((— (5o, <5o)^)'^, with d > 2/A2, we can build (5(6, L) in the same way as we built 



Qe in subsection |2.2| , just substituting q{9i,li) to qe^ in the construction. Note that we keep the 
same Ti satisfying |9(Ti)| = r so that in this case our boundary value problems may connect two 
points with different norms (however we know that these norms are < r + C5q). 
In the spirit of lemma ^ one can get 

\\S{Q{Q, L))-J2JZ o.^'ihXW < Kir + \L\)e-'^~^. (4.3) 

Here is the equivalent of lemma pi It is not so specific, but it is enough to prove the equivalent of 
theorem 0. We shall use the notations a™ = a^ if ji — 0, a™ — a™ if ji = 1. 

Lemma 16 There are Di and 61 > which depend on C(,A, A and there exist w, function 
of Q = {9i, . . . , 9k) and of L = {h, . . . , Ik), defined for d > Di and k G {—Si, Si)p, such that 
(0, L) i—f Q{&, L) + w{0, L) is smooth and 

. iZ;(e,L)Gnti(ag,,...,0^; 

. 5(g(e,L) + zzy(e,L)) = EtiEL=o<(0>iK- 

Moreover 

INI<ifi(r+|L|)e-^^^ 

where \L\ — maxi.m |Z™| and Ki depends only on C[ and A, A. 
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The proof can be carried out in the same way as in the nondegenerate case. Set 

5(e,L) = /(g(e,L) + «j(e,L)). 

We have, by lemmas |^ and p^ 

Lemma 17 Every critical point of g gives rise to a k-bump homoclinic solution to the system, 
provided di and r have been chosen small enough. 

Here again the proof does not differ from the one given in the nondegenerate case. 
Finally, using the notations G{1) = f{q{0,l)) and G{1) = f{q{OJ)), we get: 

Lemma 18 For all Q = {9i, . . . , 9^) with d > Di and L with \L\ < Si 

{i) ^ff(©, L) = ^e((Q(e, L) + iZJ(e, L))(s,), (Q(e, L) + W(e, L))(u,+i), , 

(.») \^-dir.g,ill...,lf)\<K,ir+\L\)e-'^', 

where K2 depends only on Ki and A, A and Qi ^ Q if ji ~ 0, Gi ~ G if ji ^ ^■ 
Proof, (i) is proved exactly in the same way as lemma 0. For (ii), write 



We have by lemma |l| 5(Q(e, L) +W(e, L)) = J2^,m <(©: ^X- Since W(e, L) e ni<,<fc no<™<p 
(a™)^, dw/dl™{Q,L) belongs to the same space. Hence, since supp dQ{Q,L)/dll" C [6*^-1 + 
T,_i, 0,+i - T,+i] and supp (-S^ + ^a™) C [9, - T„e, + T,], {dg){dlf) = 

( 5] a«je, L)a^, J;jO(e, L)) = ^ af (9, L) (af , Ag^(^,, Z,)) = E "'(Q' ^)(«'' «") = «r(e, i). 

We have used there the definition of q{9, 1), dq{9i, li)/dl"^ — a™ + {dimWi{li))0^ and {diiWi{li))0- € 
(a°, . . . , a^)^, where Wi=w (resp. Wi = w) if ji =Q { resp. ji — 1). We get 

-^g = {S{Q{e,L)) + w{Q,L)),aT) 

= (5(Q(e,L),a:n+0((r+|i|)e-^^^) 

= aTik) + Oiir+\L\)e-^~^) 

= ^l^G^{h) + 0{ir+\L\)e-^'^), 

where we have used lemma ttq and ( |4.3| ) in the second and the third line respectively. This is 
exactly (ii). ■ 

Now we state a corollary of lemma |l^ (i) which is got from a simplified version of lemma |lO| . 
Corollary 1 For all (O, L) with d > Di and \L\ < Si 

^5(e,L)-2(A2al+i/31e-^i'^'+A2a^+i/3^e-^^'^')| < K^e-^^""^ ({r+\L\fe-^-''^+ir+\L\)^+r\L\ + \L\^y 

(4.4) 
where K^ depends only on C[ and A, A. 

Proof. We omit the details of the proof. It is a simple consequence of lemmas [l(^,[l8| and nol ■ 
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4.2 Topological nondegeneracy 



Let g be a (possibly degenerate) isolated homoclinic solution of (1.1). "Isolated" means here that 
there is a neighborhood UoiqinY such that all the homoclinics which belong to U are translates 
of q. Let a = LA{cqxi-T,T]) G X, where c > is chosen so that \a\E = 1. Let F = a-^ and 
II : Y —^ F he the projection defined by 

n(a;) = .T — (x, a)a. 

Consider G* : F ^ F, defined by 

G,{x) = US{q + x)^u[{q + x)- LA{yW{q + x) - ^{q + x)J{q + i))] = n{S{x) - Kq{x)), 

where 

Kq{x) = La [(vW{q + x)- VW{q) - VW{x)^ - ((V^g + x)- ^{q))Jq + mq + x)- ^{x))Jx^ . 

We have Kq{0) = 0. In addition, it is easy to see that Kg sends Y into E and that it is compact. 
Note also that there is p > such that IIo5:i^^Fisa diffeomorphism from B{p) onto 
a neighborhood of in F containing B{p/2). Let ^ > satisfy t{Kq{B{5)) C B{5/2) and let 
G : B{5) ^ F he defined by 

G{x) = a; - (n o S)-^IVKq{x) := a; - kq{x). (4.5) 

We have Kq{Q) = 0, and Kq{Y) C E. Hence all the zeros of G must belong to E and thus be 
homoclinic solutions to the system. Now q being an isolated homoclinic, is an isolated zero of G. 
Moreover Kq is a compact operator. We can now introduce the following definition : 

Definition 2 We shall say that q is a "topologically nondegenerate" homoclinic if there is < v < 
S such that deg{G , B (v) , 0) ^ and G has no zero in B{h')\{0}. 

Remark 5 We could prove without difficulty that this definition is independent of the choice of a 
satisfying {a,q) ^ 0. 

As a consequence to the hyperbolicity of the equilibrium, the solutions of the linearised system 
about q which belong to Y must belong to X. Therefore, if (7 is a nondegenerate homoclinic. 



dG'*(0) and hence dG{0) are injective. By (L5) G is then a local diffeomorphism about and the 



property of "topological nondegeneracy " defined above is satisfied. 

Remark 6 We point out that in certain cases, one can say that a variationally obtained iso- 
lated homoclinic is topologically nondegenerate. For instance, an isolated local minimum for f , 
or, under further conditions, an isolated mountain-pass critical point correspond to topologically 
nondegenerate homoclinics (see W, WW and m). 

Now consider as in subsection |4.l| a'^, . . . , a^ which satisfy the properties given in this subsection. 
We can then define the function Q on some {—5q, ^oY ■ We shall prove 

Lemma 19 Assume that the homoclinic q is isolated and topologically nondegenerate. Then is 
an isolated critical point of Q . Moreover there is p, ^ (0, (^o) such that deg(^', (— /i, ^)p,0) 7^ and 
Q' has no zero in (— /i,/i)P, except 0. 
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Proof. By remark ^ since q is an isolated homoclinic, is an isolated critical point of Q and 
there is fii such that Q' has no zero in (— /ii,/ii)P except 0. 

Let G be the function defined above, associated to qq. By the topological nondegeneracy 
property of q, there is some v > such that deg{G , 13 {p) , 0) ^ for all < p < i'. Let B^.^ = 
{x € F I ||a;|| < ^2}- Consider for 62,1^2 small enough Lp : {—62,62)^ x B^^ -^ B{v) which assigns 
to (Z, y) -^ (p{l, y) = 5(0, 1) + y — qo = X]?=i ^"''^"' + '"'(0 + V- This is clearly a diffeomorphism from 
{—S2, 52Y X -5^2 onto some neighborhood of in _F included in B(y). Now, let ^ : {—82, 82)^ x Bi,^ -^ 
F be defined by 

Since the degree is invariant under a diffeomorphism there results that 

deg(C, (-<52,<52f X B,,,0) = dcg(G,S(t.),0) ^ 0. 

We decompose G{<f{l,y)) = A{l,y) + Yf^^^ui{l,y)a' , where {A{l,y),a^) = 0. For t e [0,1], define 
6 by 

Ul, y) = (n o 5)-i (^((1 - t)l, y) + Y,u' (/, (1 ~ t)y)c 

^t has the form / — Kt^ where Kt is compact. Moreover, for all I e (— (52,<52)^, ^(^,2/) = iff 
y = 0. Hence ^t(Z, j/) = iff y = and u-'X/, 0) = 0. Now u^{l, 0) = ct^{l)j and since g is an isolated 
homoclinic, it vanishes at no other point in [—52,52)^ than 0. Therefore 

deg(^,(-<52,<52r X B„,,0) = deg(a,M2,<^2)^ x S,,,0). 
Now, A{Q, ■) is a diffeomorphism from B^^ to a neighborhood of in F. Let '^ be defined on B{v2) 

by 

p p 

*(y + ^ rja-J) = yl(0, y) + ^ r.a-'' 



'.^^^ 



Since ^P is a diffeomorphism from B{v2) to a neighborhood of in F and we have 

Ul,y) = {IioS)-\^{y + J2^\l)a^)), 

with (n o S')-i(*(0)) = 0. Hence, setting T{l,y) = ^^^^ a^ {l)a^ + y we get 

\deg{^i,{-62,52r X B,,,0)\ = \deg{T,{-62,S2r X B,„0)\^\deg{{a\...,aP),{-S2,52r,0)\. 
Using lemma nSl we get the result with fi = nim{S2, /ii}. ■ 

4.3 Relaxed theorem for system (S'J 
We shall prove 

Theorem 4 Assume that the hypotheses of theorem \M hold, with the nondegeneracy condition 
replaced by topological nondegeneracy. Then the same conclusion holds. 
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Proof, q and q may be degenerate. Since the configuration space is IR , W"{0) and ^^"(0) are 
2-diniensional. Therefore dim Ker dS{q) cannot exceed 2. Hence in the construction of subsection 

4.1 the spaces associated to q and q, span {a , a }, are two dimensional. 

The topological nondegeneracy oiq and g implies that, for e small enough, (5^) has two homo- 
clinics q^ and geSuch that 

limmaxjlg^ - g|oo, loe - q|oo} = 0. (4.6) 

e— »0 



-1. 



Moreover, there is a constant C2 independent of e small such that ||(i5'e((7£)a;|| > C2||a;|| for (x, a 

{x,a ) = 0. As a consequence we may define q^{9J) for |Z| < ^o- Writing G<i{l) = fe{q^{0,l)) , we 
know that \Q'^ — ^'|l~(-po,^o) ^ as e ^- 0. Note that it may occur that Ge has a sequence of 
critical points converging to 0. So we cannot say that q^,qe are isolated homoclinic. However we 
know that, for all |/i| < /io there is e such that, for |e| < e, all the critical points of Qe belong to 
{-fi, fi) and deg(^^, (-/i, /i), 0) ^ 0. 

Given k and j — (j'l, . . . ,jk) G {0, 1}*'', we can construct Qc(8, L) as well as We(0, L) for all 
L = (Zi, . . . , Zfc) e (— Mo, A^o)'^ and for all 6 — {9i, . . . ,9k) 'E TR'' with d> Di. We can as well define 

5e(e,L). 

By the properties of the system near the equilibrium, there are r^ > and 62 > such that, for 
< 7' < r4 and |e| < £2, the trajectory of q^ (resp. q^) crosses the circle of radius r at two points 
only: ae(r) and P^{r) (resp. ae{r) and f3^(r)). Moreover, 

1- ^o{r) , _ . _ . ,. /3o(^) / _ . _ N 
iim — coswu, sinw„ ); lim = (cos w., smcjc 



and for all r e (0,r4), from ( ^f.q ) 



limae(r) = ao(r); lim /5,(r) = /3o(r). (4.7) 

£—►0 e— ►O 

We have similar properties for q, gg. Let us define P\ = cosw^ cosWg+^, Pj = sinu;^sinWg+^. 
Lemma |l^ and Corollary |l] hold ( with g replaced by g^), and a, P replaced by a^, (3^ we have 

A 
dd,' 



2r^[\iPl^e-^^'^^ +A^F2%e" ) < -ft:5(r-^ + ri' + J^ + r-^e"-^=^'')e^^^''% (4.8) 



where K^, is independent of e small and |P^ ^ — P^|, IP2 e ~ ^2! — ^(^) ^(^) ^ as e ^ 0. We recall 
that Ai = A + |e| and A2 = A — |e|. We know that P1P2 < and that there exists 5 > such that, 
for all i, 

p|>l + <^>l , |P^|,|P2i><5>0. 
First choose Q < r <r^ and vi> Q such that 

1^(1 



Then set 



> 1 + 5/2 , \Pl^~K5{r + vilr + ut/r')\>5/2 



1 / I pi I \ 1 / I pi I 

D = — minln --^ ' ^' ^--- -1 ; J ^ — maxln ' '^' 



2e ^ \\P^\+K^{r + ui/r + ul/r^)J ' 2e » \\P^\ - K^{r + ui / r + vl / r"^) 

By ( |4.8D it is easy to see that lime-_to D = +00 and that there is £3 > such that for all |e| < £3, 
for aU (di, . . . , dfe) G (D, J)^ for aU L = (^i, . . . , h) G (-J^i, ^^l)^ 

d., = D^ sign(^— .g,j = -sign P2' , d, ^ J ^ sign(^— .g,j = sign P2' 
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and 

\L\ ^Vi^ \di^ge - dl^^Gml < \dln-Gm\/2. 

Now arguing as in the proof of thcorcni|| and using that deg(9/™CJ,„, (— t^i, vi), 0) ^ 0, we get 

degfe,(I?,J)'=x(-^.l,l.l)^0)^0, 
which imphes the desired resuh. ■ 



5 Dynamical consequences 

A family of multibump solutions like the ones of theorem n ensures the positivity of the topological 
entropy at the zero energy level £~^{0), see also Q and [^. We denote by ^(t,x) € M^ with 
X = (q, q) the flow associated to (|1 . ![) . The definition of the topological entropy is the following: 



/ \ogs{t,e,R) 

htop = sup lim sup 

ii;,e>o V t^+oo t 

where 

s{t,e,R) = max{Card(^) | Vr G [0,t] : <P{t,E) C B4{0,R), 

Vx^yeE,3Te[0,t] : |$(t, x) - $(t,2;)| > e > 0}. 

We formulate the following corollary of theorem |l|. 

Theorem 5 Assume (W^l),(Fl),(ul),,(5'l - 2) and (ffl-4). There exist < D < J such that for 

77 7/ r — ] 

every sequence j G {0, 1} there is <d £ IR with di G {D, J) and a solution Xj of system (l.l) 

such that 

• '/ ji — then on the interval [9i — T,9i + T] 

_ r ^ ^ 

\xj{i) - lit - ^j)l < -min(|cosw„.s|, |cosw„,s|, |sinw„,s|, |sinu;„,s|), 
o 

• */ ji = 1 then on the interval [9i — T,9i + T] 

-^ r ^ ^ 

\xj{i) - <l{i - 9i)\ < -min(|cosZ:J„.s|, |cosu;„,s|, |sinlj„,s|, |sinw„,s|), 
o 

• Outside {\Jj^=a[9i-T,9, + T]) {J {\Jj^^i[9,-f,9^+f]), \x^{t)\ <2r. 

We want to estimate s(i^.,e,i?*) with i?* —ina.x{\{q,q)\ao,\iq,q)\oD}+r,t* = (fc— l)(2max{T, T}- 
J). Let A = {j £ {0, 1} I ji = for i < and ji — for i > k} Associate to j £ A a solution 
Xj given by theorems, for which we may assume, by the autonomy of the system, that |a;j(0)| = r 
and \xj{t)\ < r, Vi < 0. Consider E = {(xj,Xj){0) \ j G A}. 

As an easy consequence of theorem |^ and Hypotheses {HI — 4), there is e > such that, if 
j ^ j' G A, then there is r G [0,^^ such that \<^{t,Xj{0),x/{0)) - $(T,a;y (0),i;y(0))| > e. 

Hence s{tl,e,R*) > Cardi? == 2'=. Since l/t* > l/(fc - l)(2max{r,T} + J) we finally deduce 
that 

*°^ 2max{T,T} + J 
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Remark 7 The above results could he generalized to systems like {LJ_) with q G iR", where is 
a hyperbolic equilibrium of characteristic exponents ±Xi, with Ai > A2 > . . . > A„. The finite 
dimensional reduction could be performed in the same way and we would have to impose conditions 
similar to {HI — 4) in order to be able to get multibump homoclinic solutions. 



6 Appendix 

We shall assume everywhere that d > 2/A2 and that < r < po/2. 
Proof of lemma g. We perform the proof for q'^. 

The proof of the uniqueness assertion is left to the reader (in fact there is uniqueness also in 
the class of the functions [0, +00) -^ B2r- 

For the existence proof let us define the Banach space: 

Zi^{ge W'^°^[0, +00) I \g{t)\e^^\ IffWk'^* e i°°}, 

endowed with the norm 

||5||i=max| sup \g{t)\e^'* , sup ^\g{t)\e^A. 
'^te[o,+oo) te[o,+oo) ^2 -• 

We call qi = q^ j^ = e~*^"^/3. Our problem is equivalent to finding a fixed point in Zi of 

Tix) := C{VW{qi +x)~ ^{qi + x)J{qi + i)), (6.1) 

where C is the operator which assigns to h the unique solution u = Ch of the problem: 
—il + Au = h with w(0) = and lim u(t) — 0. 

t — >+oo 



An explicit computation shows that 



Lhit) = ^{VA)-' / {e^'-'^^-e-^'+'^^)h{s)ds+ (e^^-* 



-t)^ _ ^-^{s+t)VA 



h{s)ds 
(6.2) 



and 



lrM0^if"(e"-'^ + .-'-'^)M.)*4/ 



,(s-t)VA _ -(s+t)VA 



h{s)ds. 



Call Bs = {x G Zi I llxlli < S}. We want to solve (3.1) by means of the contraction mapping 
theorem in Eg. So we want to find, for r small enough, S < r small enough in such a way that: 

(i) T{Bs) C Bs ; (ii) JF is a contraction on Bs- 

Assume that x e Bg. Then, by {Wl) and (PI) 



VW{qi+x)-^j{qi+x)J{qi+x)\ < (^^1(7-+ J)2+L2(r+(5)(Air+A2<5)) e'^^^* < ^Xl{r+5fe 
Hence, for x e Bs, 



2„-2A2t 



\Hm)ij:^\j^n^m\<^x2{r+sr 



+00 



+00 



t Jt Jo 
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We get 



\\Hx)\\i<\{r + 5f. 



(6.3) 



On the other side, elementary estimates give that by {W\) and (PI) 

VW{qi+x')-ij{qi + x')J{qi+x')~VW{qi+x)+ij{qi + x)J{qi+x)\ < K\l{r + 5)\\x' - x\\ie~''''^K 
We easily get from this 



\\H^')~Hx)\\i<^{r^5)\\x'-x\\,. 



(6.4) 



By ( |6.3| ) and (6^), to get (i) and (ii) it is enough that 5 satisfy A (r + (5)^/4 < 5 as well as 
(r + (5)A/2< 1. 

We assume that rA < 1/6 (it will be useful to prove the next lemma). Then it can be c hecked 
that with 6 — 2r'^h./7 < r/21 the above inequalities are satisfied. Therefore equation (6.1) has a 
solution q^ = qi+x, with ||a;||i < 2Ar^/7 < r/21. This clearly implies the estimates of the lemma. 

We must justify that q'^(Si'^) C B,.- Using the last estimate (but with a different r) and 
the uniqueness remark at the beginning of this proof we can get that \q^{t) + \/^e~*^"*/3| < 
2A2A|g+(i)|V7 < A2|g,t(t)|/21. As a consequence, d{\q'^{t)\'^)/dt < for aU t G (0,+oo), and we 
get the claim. ■ 



Proof of lemma^. We look for a solution of ( |l.l| ) of the form 

qd^ qh + Vi+V , where {yi)j{t) 



sinh(Aj-t) 

^-r7T-K[Oi-qh{d))j 

smh(Ajrf) 



(we call for simplicity qf^ = qji the solution given by lemma ) . As a consequence of lemma and 
of the assumption d > 2/A2, we have that 



\yiit)\ < ^re-^^^''-*) ; \yi{t)\ < X,^re-'^(d-t) , 
We define the space: 

Z2 = {geW^°"[0,d]\ sup \g{t)\e^'^'^-*\ sup |.g(t)|e^^('*-*) < +oo| 

with norm 



(6.5) 



te[o,d] 



t£[0,d] 



||5||2-max| sup |5(t)|e^-^('^-*), sup ^\git)\e^^('i-'A. 
^ te[o,d] te[o,d] ^^2 > 

We have to find a solution in Z2 of the fixed point problem 

y = T{y) = c[wW{qh + yi + y) - ^W{qh) - rpiqh + yi + y)J{qh + yi+y)+ i'{qh)J{qh)] , (6.6) 

where C is the linear operator which assigns to h the unique solution u = Ch of the problem 

-u + Au = h with u(0) = and u{d) = 0. (6.7) 



The solution m of (5/7) is given by: 

^d 



Xj sinh {Xjd) 



hj (s) sinh(Aj (rf — s)) smh{X jt)ds + / hj (s) sinh(Ajs) sinh(Aj {d — t))ds 
t Jo 

(6.8) 
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and 



^j(^) = 7^^ 



1 



hj{s) sinh{Xj{d — s)) cosh{\jt)ds — / hj{s) sinh(Ajs) cosh(Aj(rf — t))ds 
t Jo 



sinh (Xjd) 
It is easy to derive from these expressions the estimate 



kWI,^l^(i)|<^ 



Jt 



(6.9) 



As in the proof of lemma || we have to find S small enough such that T{Bs) C Bs and J'^ is 
contraction on Eg. For j/ G B^- set 

^(i) = VW{qh +yi+y)- VWiqh) ; B(t) = ^(g,, + j/j + j/) J(gft + y; + y) - ^j{qh)J{qh) 

We have by lemma g and ( |6.5|) : 

|A(t)| < L^{\q,{t)\ + Mt)\ + \ymi\yiit)\ + \ym 
< Li 



and 



|^(^, + 5)e-A.rf + (6^ + 5)'e-2A.(d-*) 



B(i)l < ^2 (k,(i)| + |yKi)l + l2/WI)(l2/Ki)l + |y(i)l) + (|yKi)l + l2/WI)k(i)l 



< L2X1 



22/6 



^rQr + <5)e-^^'^ + 2Q. + ^)' 



-2A2(d-t) 



Hence 



1.4(01 + \B{t)\ < AA^ [-r(-r + <5)e-^^'' + (-r + ^j) e" 



2A2(d-t) 



(6.10) 



Replacing \h{s)\ by |/l(s)| + \B{s)\ in ( |6.9|) and using (|6.10D , we get after easy computations : 



iraih4[|Kr+^) + (r+*) 



We can prove in the same way that 

Il^(y)-^(y')ll2<||2/-y'||2 



'II ^r^^ 

"2"V21 



r + 2 



(1-^))^ 



(6.11) 



(6.12) 



Using ( |6.11 ) and ( 6.12| ), we can see after some elementary calculus that, if rA < 1/10, then J^ is 
a contraction on Bg, with S ~ 2r^A < l/5r. Therefore, if rA < 1/10, we get the existence of qd, 
with the estimate 

\\qd -qii -yilU < 2r^A. 

In particular, 

Mt) - qhit)\ < \m{t)\ + 2r2Ae-^^('*-*) , Mt) - g,(t)| < |y/(t)| + Ar^AX^e-^^^'^-^'' 
and we get ( |2.12D and ( |2.13| ) by (|^. Moreover 

MO) - qhiO) - yiiO)\ < AX2r^Ke'^^\ 
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hence 

fe(0) - q+m - (qa.LiO) - Cl(0))| < 4A2r2Ae-^^'' + |i(0)|, 

where z is the solution of —z+Az = with boundary conditions z(0) = and z{d) = qh,L{d)—qh{d). 
Using that d > 2/A2, we get by lemma g 



l^(«)l ^ S (ih^) l'^'^^'^) - *^'-(^)l ^ ^^'^'^^ 



2 A„-A2rf 



Estimate ( p.ll| ) follows. ■ 

Proof of lemma |7[ We first justufy that w{Q) € E. Let Rq = Qq + w(6). By the 
characterisation of w, we have S{Rq) — X]i=i Oii{^)0'i for some (q;i(0), . . . , ak{0)) G IR . Hence, 
by the definition of a^, outside a compact interval, 

-Re + tp{Re)JRe + ARq - \IW{Re) = 0. 

Now 

limsupmax(|i?e(t)|,|i?e(0l/A2) = limsupmax(|w(e)(i)|, |w(e)(t)|/A2) < min(2/A,po), 

|i| — *-oo |i| — >cxD 

by lemma|^. Arguing as for the proof of lemma|l[ one can derive that lim|t|^oo |^e(OI + l-^©(OI = Oj 
which implies, by the properties of the equation near the equilibrium, that Rq € X. Hence 
w{e) e X CE. _ 

Assume that O is a critical point of f{Qe + wq) (equivalently (di, . . . , dk) is a critical point of 
g{d)). Then there results that: 

[siQQ + wie)),-^{Q^ + w(e)))=0 for j = l,...,fc. (6.13) 

Hence we have that 

^ai(e)(a.,— (ge+«;(e)) = ^a,(e)a / Q^(i) . _(g- + «;(e))(t) di - 0. (6.14) 



Letting 6, J (9) = /^^ Q\t) • J-(Qe + w{Q)){t) dt, (|]T|) yields X;ti «« (6)6,^(9) = 0. Now we 
show that 

&*,j(0) = kj f -\Q'it)\^ - Q'{t) ■ w{Q){t)dt (6.15) 

It appears that {dQQ\jJd9j) — —Si,jQ^\j^ € W^'°°{Ji). Hence, since ((5e + w(9)) is a C^ function 
of 9, dw{e)i.,Jdej too is wch defined inW^'°°{J^). We know that 

^'{t)-w{Q){t)dt^ [ Q\t + e,)-w{e){t + 0i}dt. (6.16) 



Now Jj — 0i and Q'^{- + 9i) do not depend on 9. Hence, deriving (6.16) with respect to 9j we get 



\t) ■ 7|-w(0)(i) dt = -(5,,, / Q\t) ■ w{e)(t)dt. 
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So ( 6.15 ) is proved. Therefore, if is a critical point of f{Qe + w(8)), then aj{Q)bj,j{Q) = for 
all j, and it is enough to check that bjj{<d) 7^ to conclude. But, if for example Q^{t) — q{t — Oi) 
then 

ifo„-(e)i > / \m)\i\m)\-M\^m\)dt>Q 

J[t--,t+r] 4 V4 / 

because, for d> D, \\w{Q)\\ < r/2 and, by lemma lem:homo \q{t)\ > 21A2r/22. ■ 
Proof of lemma |[ Consider 

rd /*d pd 



e{P,a,d) = ^ I ql{t) + Aqd{t) ■ qd{t)dt - I qd ■ v{qd)dt - I W{qd{t))dt. 
^ Jo Jo Jo 

We perform the change of variables t — sd and set 

Vse [0,1] Qd{s)^qd{sd). 
The function Qd{s) satisfies the equation: 

-Qd + d^AQd + d4,{Qd)JQd^d^\/W{Qd) with Qd{0) = (3 and Qd{l) ^ a 
After the change of variables in ( |6.17 ) we will have 

1 r'l 



(6.17) 



(6.18) 



e(/3, a, d) = - / -^Qdis) + dAQd{s) ■ Qd{s)ds 



dWiQdis))ds- 



Qd{s) ■ v{Qd{s))ds 



We now take the derivative of e(/3, a, d) with respect to d. It is given by 



de , 



dd' 



1 



1 



— (/3, a,d)= / -tthQUs) + -Qd{s) ■ ddQdis) + -AQdis) ■ Qdis) + dAQdis) ■ ddQdis)+ 



2d2 



W{Qd{s))^dVW{Qd{s))ddQdis)ds~— / Qd-v{Qd)ds 



/o ddjo 

After an integration by parts in |6.19| (of the term Qd{s) ■ ddQd{s)/d) using that ddQd{0) 
and ddQdi^) = and putting (6.18) into (6.19) we have that 



(6.19) 



de 



1 ..,1^ 
2 



— {(3,a,d) = j -—Q'^ + -AQd-Qd-W{Qd)ds 



1 ■ d [^ ■ 

ip{Qd)ddQdJQd ~ TTi v{Qd)Qdds 



ddJo 



Using that 



(6.20) 



1 ■ d f^ ■ 

^{Qd)ddQdJQd + ^ / v{Qd)Qdds = 0. 



and making the change of variable t = sd in (6.20|), we get 



de Z"' " 



^{qj{t)-Aqdit)-qdit)) + W{qd{t)) 



-dt. 
d 



Since the integrant is nothing but the energy (q^(t) — Aqd{t) ■ qd{t))/2 + W{qd{t)) — £{d) which is 

de 1 

constant we finally get that —{P,a,d) — —£{d)d- = —£{d). ■ 



36 



References 

[1] A.Ambrosetti and M.Badiale: Homoclinics: Poincare-Melnikov type results via a variational 
approach, C. R.Acad. Sci. Paris, t.323, Serie I, 753-758, 1996; and Annales I.H.P, vol. 15, n.2, 
1998, p. 233-252. 

[2] H.Amann: A note on degree theory for gradient mappings Proc. amer. Math. Soc. 84, 1982, 
pp. 591-595. 

[3] M.Berti, P.BoUe: Homoclinics and Chaotic Behaviour for Perturbed Second order Systems, to 
appear on Ann. Mat. Pura c Applicata. 

[4] M.Berti, P.BoUe: Variational Construction of homoclinics and chaos in presence of a saddle- 
saddle equilibrium. Rend. Mat. Ace. Naz. dei Lincei, s.9, v. 9, fasc. 3, 1998. 

[5] S.Bolotin, P.Rabinowitz: A variational construction of chaotic trajectories for a Hamiltonian 
system on a torus, to appear on Bull. Union Math. Ital. 

[6] B.BufFoni, E.Sere: A global condition for quasi-random behavior in a class of conservative 
systems, Conim. in Pure and Appl. Math, 1996. 

[7] B. Buffoni, E. Sere: Chaotic dynamics in natural Lagrangian systems: a variational approach, 
preprint. 

[8] R.Dcvaney: Homoclinic orbits in Hamiltonian systems, J.DifF. Equal. 21, 431-438, 1976. 

[9] R.Devaney: Transversal homoclinic orbits in an integrable Hamiltonian systems, Anier.J. 
Math. 100, 631-642, 1978. 

[10] H. Hofer: A note on the topological degree at a critical point of mountain-pass type , Proc. 
A.M.S. 90 (1984), 309-315 

[11] P.J. Holmes: Periodic, non-periodic and irregular motions in a Hamiltonian system. Rocky 
Mountain J.Math, 10, 1980, pp.679-693. 

[12] E.Sere: Looking for the Bernoulli shift, Ann. Inst.H.Poincare, Anal.nonlin. 10 (1993), 561-590. 

[13] D.V. Turaev, L. P. Shil'nikov: On Hamiltonian systems with homoclinic curves of a saddle, 
Dokl. AN SSSR, 304, 811-814, 1989. 

[14] S.Wiggins: Global Bifurcation and Chaos, Applied Mathematical Sciences, Vol.73, Springer- 
Verlag, 1988. 

Massimiliano Berti, Scuola Normale Superiore, Pza dei Cavalieri 7, 56100, Pisa, berti@cibs.sns.it. 
Philippe Bolle, Dep. of Math. Sc, University of Bath, Bath BA2 7AY, maspb@maths.bath.ac.uk. 



37 



